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Abstract 

We study consistent truncations of M-theory to gauged N = 2 supergravity 
in four dimensions, based on a large class of SU(3)-structures in seven dimen- 
sions. We show that the gauging involves isometries of the vector multiplet 
scalar manifold as well as the Heisenberg algebra and a special isometry of 
the hyperscalar manifold. As a result, non-abelian gauge groups and new 
non-trivial scalar potentials are generated. Then we specialize to all homo- 
geneous SU(3)-structures supporting supersymmetric AdS4 vacua. These are 
the Stiefel manifold ¥5^2, the AlofT-Wallach spaces N{k,l), the seven-sphere 
(seen as SU(4)/SU(3) or Sp(2)/Sp(l)) and the and Q^" coset spaces. 

For each of these cases, we describe in detail the N = 2 model and discuss its 
peculiarities. 
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1 Introduction 

A fruitful spin-off of the AdS/CFT-motivated classification of supersymmetric string and 
M-theory backgrounds containing AdS factors has been the establishment of consistent 
truncations of ten- and eleven-dimensional supergravity down to lower-dimensional gauged 
supergravities with AdS vacua [Il[2l[3llll[5l|6l[71|8l|9l|10l|lllll2l|13]. Consistent truncations 
in this context provide well-defined interacting theories for a finite number of modes on 
AdS, whose dynamics is guaranteed to also solve the higher-dimensional theory Consis- 
tently truncated theories are thus very useful to economically describe dual field-theoretic 
phenomena away from the superconformal point, like RG evolution (see e.g.p3 | [T5 | [T6 | IT7 \ 
[18]), finite temperature and chemical potential behaviour (e.g. [T9l [2011211 |22l [231 [2il[25]), 
or deformations into non-relativistic regimes (e.g. [26| [27[ [28| [29]). The interest in con- 
sistent truncations is of course not limited to a holographic context: well-known early 
results include the maximally supersymmetric, spherical truncations to four dimensions of 
[30] (recently updated in [31]); to seven dimensions of [321 [33]; and partial results to five 
dimensions in e.g. [M]. 

This paper is a step forward in the programme of classifying lower- dimensional su- 
pergravity theories that uplift to eleven- dimensional (IID) supergravity. We establish 
all possible 4D, N = 2 gauged supergravities that arise from left-invariant consistent 
truncation of IID supergravity on 7D coset manifolds My = G/H, and that contain su- 
persymmetric AdS4 vacua. These vacua can preserve either the full N = 2 supersymmetry 
of the action, or spontaneously break it to = 1. By left-invariant (LI) truncation we 
mean that the Kaluza-Klein tower of M-theory on M7 = G/H is truncated to the sector 
invariant under the left-action of the group G. This ensures consistency by a symmetry 
principle: G-neutral modes cannot source G-charged fields. 

The requirement that the truncated theory is = 2 supergravity implies that the coset 
space admits a left-invariant SU(3)-structure. This condition, together with the further 
requirement on the existence of a supersymmetric AdS4 solution, specifies the possible 
internal manifolds to the list in table [H Indeed, we have shown that, if homogeneity 
of the internal space is assumed, the most general supersymmetric M-theory background 
containing AdS4 is necessarily of Freund-Rubin type. In other words, homogeneity of 
Ml rules out warp factors, trivially, and also internal fluxes of the IID four-form G4. 
Homogeneous supersymmetric AdS4 x M7 Freund-Rubin solutions to IID supergravity 
were classified long ago [35l [36] , and the internal manifolds M7 that also admit a left- 
invariant SU(3)-structure are precisely the Stiefel manifold ¥5^2, the Aloff-Wallach spaces 
N{k,l), the seven-sphere (seen as SU(4)/SU(3) or Sp(2)/Sp(l)) and the and Q^^^ 

coset spaces listed in table [T] 
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Table 1: All coset manifolds M7 = G/H admitting a G-invariant SU(3)-structure and sup- 
porting a supersymmetric, homogeneous AdS4 x M7 compactification of IID supergravity. 
These are also all compact 7D coset manifolds that admit a G- invariant SU(3)-structure 
and do not have U(l) factors. The fourth column denotes the 6D base Bq of the 7D man- 
ifold (cf. section [2TTi) : here, Gr denotes the Grassmannian and F the flag manifold. The 
last column gives the amount of supersymmetry of the AdS4 solutions within our N = 2 
models. 

The list of [351 [36] actually comprises other homogeneous supersymmetric solutions 
of IID supergravity to which a LI consistent truncation can be associated, but for these 
instances the latter is not based on an SU(3)-structure (hence does not lead to = 2 
supergravity) and has already been covered by previous work. Indeed, going through the 
list of [35l[36], we find that SO(5)/SO(3)max and Spin(7)/G2 admit no new LI truncation 
to A^ = 1 supergravity beyond the universal weak G2 truncation of jSjIl] All A^ = 4 and 
A^ = 3 LI cases were covered in the universal tri-Sasakian truncation of [13]. Moreover, 
Freund-Rubin backgrounds with 4 < A^ < 8 can only arise when Mj is (an orbifold of) 
the round 5*^ and, as in the N = 8 truncation of [30], the associated Kaluza-Klein ansatze 
necessarily involve inhomogeneous deformations. We can thus conclude that the consistent 
truncations in this paper, along with those of [3 [13] are, up to subtruncation, all the 
possible LI consistent truncations of IID supergravity on homogeneous 7D manifolds with 
supersymmetric AdS4 vacua. Note that this conclusion crucially relies on left-invariance: 
we can make no claims about further possible consistent truncations which, like the A^ = 8 
truncation on 5''', deform inhomogeneously the internal space. 

Our results actually reach further generality in the following way. Rather than analysing 
the possible N = 2 theories associated to the cosets of table [1] on a case-by-case basis, 
we instead introduce a family of manifolds with SU(3)-structure that contains the cosets 
as particular cases, and perform the dimensional reduction on this larger general class. 

^Only recently have compact, homogeneous G-invariant G2-structure seven- folds been classified in the 
mathematics literature [37] . The results agree with [35l [36] . 
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In order to do this, we borrow some usual techniques from the flux compactification 
literature. Namely, we will proceed similarly to the familiar, and closely related, compact- 
ifications of type II supergravity on SU(3)-structure six-folds, which themselves generalise 
the Calabi-Yau compactifications with background fluxes (see e.g. [38] for a review). Fol- 
lowing [391 Sni im 112] , we assume that the 7D manifold is equipped with a set of forms, 
typically not harmonic but instead postulated to obey certain algebraic and differential 
conditions. We then use this set of forms to expand the supergravity three-form and the 
SU(3)-structure forms, whose corresponding moduli we show to be governed by special 
Kahler geometry. The resulting truncated theory is = 2 supergravity, coupled to vector 
and hypermultiplets, with a rich family of both electric and magnetic gaugings inherited 
from the intrinsic torsion of the SU(3)-structure and from the four-form flux. We find that 
in general these gaugings involve both isometrics of the vector multiplet and of the hyper- 
multiplet scalar manifolds, leading to a non-abelian gauge algebra, and to new, non-trivial 
scalar potentials. Examples of M-theory reductions to = 2 supergravity with charged 
vector multiplet scalars are known [^ HI] , and we extend these results to a larger class 
of gaugings, including a special isometry (also studied in |44j) and the Heisenberg algebra 
of the hyperscalar manifold. 

An important feature of our reduction scheme is that the algebraic restrictions on 
the expansion forms will be imposed here with no integration over the internal manifold. 
This stronger requirement ensures that reduction on our general class of manifolds can 
in many cases be performed not only at the level of the action but also at the level of 
the equations of motion. The latter feature implies consistency of the truncation. The 
benefits of this approach are manifold. It not only allows us to simultaneously manage 
the reduction on the cosets of table [1] in a systematic and unified way, but it also allows 
to include further consistent truncations on a larger class of internal spaces not any longer 
required to be homogeneous. Our general class of internal spaces contains, for example, 
any Sasaki-Einstein (SE7) space. Accordingly, our 4D N = 2 family of supergravities 
includes the universal truncation of IID supergravity on SE7 [5]. It also includes the 
largest N = 2 subtruncation of the universal A^ = 4 truncation on tri-Sasakian manifolds 
[T^ US]. Moreover, our family of A^ = 2 theories also contains the models arising from 
consistent truncation of type IIA on nearly-Kahler and homogeneous SU(3)-structure six- 
folds [6l HG], in the limit of vanishing Romans mass. As an aside, it is interesting to 
note that our family of A^ = 2 gaugings does also allow for a further extension, no longer 
immediately compatible with a consistent IID uplift, by an additional parameter that in 
type IIA admits a straightforward interpretation as a Romans mass. 

Contact between our general family of SU(3)-structure manifolds and the cosets of 
table [H is achieved when the postulated set of forms is taken to be the set of LI forms on 
each coset. In fact, the assumptions on the forms defined on our general class of manifolds 
are just abstractions of those defined by the LI forms. Obtaining the particular theory 
arising for each coset from our general family of A^ = 2 gauged theories is just a matter of 
parameter- fixing. 
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Table 2: Summary of some relevant features of the N = 2 gauged supergravities obtained 
from LI consistent truncation of IID supergravity on My. The table shows the number 
of vector multiplets [ny) and hypermultiplets {uh), and the respective scalar manifolds 
(VM s.m. and HM s.m.) with the associated special Kahler prepotentials (J-" and Q). 



The cosets of tabled] admit a LI moduli space of SU(3)-structures, where two significant 
ones characterized by specific torsion classes may arise, defining the preserved supersym- 
metry of the corresponding AdS vacuum. Either one or both structures may be present for 
each coset. These special LI SU(3)-structures are, on the one hand, the well-known SE7 
structure and, on the other hand, a certain, U(l)-invariant, type of weak G2 structure, 
which can be regarded as a circle fibration over (the vanishing Romans mass limit of) 
the class of half- flat six-folds discussed in [HI HSl HH] . Accordingly, although both types 
of manifolds give rise to = 2 supergravity actions, the former preserve A^ = 2 in the 
vacuum while the latter spontaneously breaks N = 2 ^ N = l|^ Referring to tabled! the 
first six cosets can be endowed with a SE7 structure, and in fact exhaust the list of all 
possible homogeneous SE7 spaces, see e.g. [52]. The last four cosets admit the second type 
of structure. The two cosets admitting both types of SU(3)-structures in fact admit a LI 
tri-Sasaki structure, which allows both for a SE7 and (when squashed) for a distinct weak 
G2 structure. 

We have summarized in table [2] the main features of the N = 2 effective theories arising 
from LI consistent truncation on the cosets of table dl As noted in [T3], the LI truncation 

^See [iniET] for a recent general discussion of spontaneous supersymmetry breaking in gauged N — 2 
supergravity. 



5 



on SU(4)/SU(3) coincides with the universal SE7 truncation of [5], which comprises one 
vector multiplet and one hypermultiplet. The truncations on M^^° and Q^^^ merely add 
one and two Betti vector multiplets, respectively, to the universal SE7 truncation, while 
that on the Stiefel manifold V^^2 includes an additional hypermultiplet. The N = 2 models 
on Sp(2)/Sp(l) and A^(l, 1) that we present here are actually subtruncations of the full 
= 4 tri-Sasakian truncation of [13] obtained by imposing a certain Z2 symmetry, but 
were not discussed in that paper. In particular, the N = 2 theory based on Sp(2)/Sp(l) 
is, like its = 4 parent, universally valid for any tri-Sasakian space. In the symplectic 
frame specified by the truncation, the gauging is both electric and magnetic across all 
models (a summary is given in tables [3l H] below). The gauge group is always abelian and 
only the hyperscalars pick up charges, except for the Aloff-Wallach space A^(l, —1), where 
there is also an interesting, non-abelian gauging in the vector multiplet sector. It should 
be noted that some partial results about these 4D truncations have already appeared in 
the literature: in [l2l |53] for the ¥5^2 and the N{k, I) models, and in [531 El] for the M^^^ 
and Q^^^ models. Reference [12] also discussed some general features of the dimensional 
reduction of M-theory on SU(3)-structure seven-folds. However, none of these references 
specifies both the full overarching N = 2 theory and the details of each model as we do in 
the present work. 

The structure of the rest of the paper is as follows. In section [2] we describe the two 
canonical SU(3)-structures supported by the cosets of tabled! and introduce the general 
class of SU(3)-structure manifolds compatible with these, but not hmited to them. We 
study its moduli space and show it to be governed by special geometry. The reduction on 
our general class of spaces is performed in section [3l where the resulting general family 
of 4D theories is also presented. This is shown to be compatible with gauged N = 2 
supergravity in section HI In section [5] we retrieve the explicit models of table [2] from 
our general reduction, and we further discuss their salient features. Section [HI concludes 
with an outlook. The appendix contains the proof that homogeneous supersymmetric 
AdS4 solutions to IID supergravity are of Freund-Rubin type (appendix an algorithm 
to compute the prepotential on the LI almost complex structure moduli space of our 
internal manifolds (appendix [B]), as well as technical details on the dimensional reduction 
(appendix[n]), and matching with N = 2 supergravity (appendix [D|). We have also included 
a self-contained description of the LI geometry on the relevant cosets (appendix [E]). Finally, 
we give (appendix [F]) the spectrum of each coset model at every supersjTumetric critical 
point, and its arrangement into Osp multiplets. 
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2 SU(3)-structures and their moduli space 



2.1 SU(3)-structures in seven dimensions 

An SU(3)-structure on a 7D manifold M7 is specified by a real one-form t], a real two-form 
J and a complex decomposable three-form i7o The one-form 77 comes with a dual vector, 
X, such that Lxrj = 1. These must be globally defined, and need to satisfy the algebraic 
constraints 

LxJ = Lx^ = o, nAj = o, nAn^o, jajaj^o. (2.1) 

We will normalize Q such that Q AQ = —^J A J A J. 

Since SU(3) C S0(7), an SU(3) structure determines a metric on M7. This is con- 
structed as follows. Locally, X specifies a ID subspace, while rj identifies a 6D, by defini- 
tion orthogonal, subspace Bq (by requiring its tangent space to be spanned by all vectors 
Y satisfying Lyi] = 0). From the first condition in fl2.ip . it follows that J and Q live on 
Bq. They will then induce a metric on Bq just like a standard SU(3)-structure in 6D 
(see e.g. [55]). Denoting the line element of by ds'^{BQ), the 7D line element can in the 
end be written as 

ds^Mj) = ds\Be)+r]\ (2.2) 

and the associated volume form is V0I7 = A J A J A r]. 

SU(3)-structures are classified by their intrinsic torsion. This splits in torsion classes, 
which transform in irreducible representations of SU(3), and parameterize the exterior 
derivative of the invariant forms as [56l [57] 

dT] = RJ + Ti + 2Re{Vijn) + r/ A , 

dJ = I ImiWi^) + WiAJ + W:i + 7]A[ |ReE J + T2 + 2Re(V2jfi) ] , (2.3) 
dVt = WiJ A J + W2 A J + W5 An + r] A {En - AV2 A J + S) . 

Here, the real scalar R and the complex scalars Wi, E are SU(3)-singlets; Ti, T2 are real 
two-forms, while W2 is a complex two-form, all living on Bq and transforming in the 8 of 
SU(3); is a real three-form, of type (2, 1) + (1,2) with respect to the almost complex 
structure J, and transforming in the 6 + 6; S* is a complex (2, l)-form in the 6. Finally, 
Vi, V2, are (l,0)-forms in the 3, and Wq, W4 are real one-forms in the 3 + 3. The 
five torsion classes Wk, k = 1, ... 5, correspond to the better known torsion classes of 6D 
SU(3)-structures [58] . 

We remark that these torsion classes are not completely independent, as they must 
satisfy certain consistency constraints coming from the nilpotency of the exterior derivative 

•^A complex three-form is decomposable if it can be written as the wedge product of three complex 
one-forms. 
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(see e.g. (IC.SP ). It will also turn out that for the manifolds considered in this paper all 
the SU(3) vector torsion classes, namely Vi, V2, Wq, W4 and W5, vanish^ 

A given manifold M7 can admit a whole space of SU(3)-structures, which are distin- 
guished by the different values of their torsion classes. When this is used as a compacti- 
fication space of IID supergravity, some specific configurations of the torsion classes are 
particularly relevant, in that they correspond to supersymmetry being preserved on an 
AdS4 X Mj background. Indeed, the conditions for a supersymmetric AdS vacuum can 
be expressed as differential conditions on the structure forms, which in turn translate into 
restrictions on the torsion classes. As we prove in appendix [XJ when M7 is homogeneous 
the only allowed maximally symmetric, supersymmetric solutions are of the Freund-Rubin 
type, which means the four-form flux of IID supergravity is purely along AdS, and the 
metric on Mj is Einstein. Within this class of solutions, for the manifolds of table [T] two 
classes of supersymmetric conditions arise, leading to vacua preserving a different fraction 
of supersymmetry. 

The first class preserves N = 2 supersymmetry in 4D, and is characterized by non- 
vanishing singlet classes only, constrained in such a way that 

dr] = 2J, dJ = 0, dn = 4ir]AQ. (2.4) 

This defines a Sasaki-Einstein structure on M7. Note that for a solution, X preserves 1], 
J and the almost complex structure /. Hence it is a Killing vector of the metric ( 12. 2p . 
However, by evaluating Cx^ = txd^l = AiQ, we see that X rotates Q hj a. phase; this 
corresponds to the R-symmetry of the N = 2 solution. 

The other class leads to solutions that are invariant under the U(l) generated by X, 
and which preserve = 1 supersymmetry only. The SU(3) torsion classes are constrained 
as 

? I? 

dr] = -WiJ + iW2 , dJ=jWiRen, dQ = W^J A J + W2 A J , (2.5) 

with RePFi = RePV2 = 0. A solution corresponds to a particular X-invariant weak G2 
holonomy, and can be described as a U(l)-fibration (specified by rj) over a 6D half-fiat 
manifold whose SU(3)-structure is described by J and Q. The derivation of the conditions 
(12. 4p , ( 12. 5 p is given in appendix \M 

In the last column of table [H we specified which cosets allow which class of vacua. 
Interestingly, there are some cosets admitting vacua that belong to both classes. This 
happens because actually the manifold admits a further reduced structure (namely, a 
tri-Sasakian structure) preserving an enhanced amount of supersymmetry (A^ = 3, see 
section [5] for details) . 

*The appearance of such vector torsion classes on a homogeneous manifold would necessarily imply 
extra left-invariant vectors, and further reduce the SU(3)-structure. 
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2.2 A finite-dimensional space of SU(3)-structures 

In order to dimensionally reduce IID supergravity on SU(3)-structure manifolds, we need 
to specify our truncation ansatz. Following previous studies in the literature (see e.g. 
[39| HOI Il2]), we introduce a finite basis of differential forms in which the SU(3)-structure 
forms and the IID supergravity three-form are to be expanded. Since the 7D metric 
follows from the SU(3)-structure, this will completely fix the truncation ansatz. 

We assume that on M7 there exists a set of real differential forms, made of: a single 
one- form 6*, ny two-forms Wj, 2nH three- forms ctA, Z?"^, four-forms a)*, and a single six- 
form a;°, with the range of the indices being 2 = 1,..., ny and A = 0, 1, ... , uh — 1- The 
values of ny and riu are not fixed a priori in our general discussion, and will turn out to 
correspond to the number of vector multiplets and hypermultiplets in the 4D supergravity 
theory, respectively. Using these forms, we parameterize the family of SU(3)-structures on 
M-j as 

ry = e^^, J = e-^v'ui, Q = e-'^^ {Z^aA - Qa(3^) , (2.6) 

where V,v^ are real and Z^, Qa are complex constant parameters|f| When in the next 
section we will discuss the dimensional reduction of IID supergravity, these parameters 
will be promoted to scalar fields depending on the external space-time coordinates. Note 
that the expansion forms have no dependence on the parameters]^ 

We now list a set of sufficient conditions on the forms ensuring that (12. 6p indeed defines 
a family of SU(3)-structures, and that the dimensional reduction of IID supergravity on 
M-j goes through, leading to = 2 gauged supergravity in 4D. Similar relations have 
been discussed previously in the literature (see e.g. [391 HOI US]), therefore our presentation 
will be quick. However, contrarily to e.g. [391 H2], our constraints will be given with no 
integration over M7. This strong assumption ensures in many cases that the reduction goes 
through at the level of the equations of motion as well, which implies consistency of the 
truncation. For the moment one should take our relations as assumptions on the geometry 
of a generic compact manifold M7. When in section [5] we will focus on coset manifolds 
G/H admitting SU(3)-structure, we will see that the assumptions we are making are all 
satisfied if one identifies the expansion forms precisely with the forms being invariant 
under the left-action of the group G. However, we stress that the consistent truncation 
we will establish is valid for some classes of non-homogeneous SU(3)-structures as well. 
For instance, a generic Sasaki-Einstein or tri-Sasakian structure also provides a set of 
forms with the correct properties. Likewise, the fibrations of Calabi-Yau three-folds over 
a circle studied in [l3l HI] satisfy our constraints and thus lead to a consistent truncation, 
at least when just the universal volume modulus and no complex structure deformations 
are included in the truncation (which leads to ny = uh = 

^The factors of in the expansions of J and Vl have been chosen for convenience, in order to ensure 
that and Z"^ become, respectively, the almost symplectic and almost complex structure moduli of the 
base Bq. These naturally arise within a type II A string frame setup. 

^See [H] for a 6D analysis in which the basis forms are allowed to depend on the moduli. 
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The one-form 6 comes with a dual vector k, such that ikO = 1; hence we have the 
identification X = e~^k. We assume that all the basis forms apart from 9 live on the 6D 
space orthogonal to k, 

LkUi = LkaA = = ifco;* = . (2.7) 

Furthermore, we require 

Ui A aA = ojt A = Co' A aA = Co' A = aA A as = A = , (2.8) 

and 

ooiAuj^ = -6iuj^, aAA(3^ = -5^Co'^. (2.9) 

These conditions on the basis forms imply that t], J and Q constructed as in (12.61) obey 
the algebraic constraints (12. ip . The 7D metric eq. (12. 2 p can be written as 

ds'^iMj) = e-^ds\Be) + e^^O^ , (2.10) 

where ds^lB^) is determined by J and Q. Note that this 6D metric is actually rescaled 
with respect to the one given in (12. 2p . Eqs. (12. 8p . (12. 9p also imply that there is a sym- 
plectic Sp(2n//,M) structure on the space of three-forms in our basis. The quantities in 
our dimensional reduction coming from an expansion in the three forms will inherit this 
symplectic structure. Collecting the three-forms in a vector S and defining the Sp(2n//, M) 
metric C as 



we can adopt a convenient symplectic notation, in which the A, B indices are suppressed. 
Introducing furthermore the symplectic vector 



r ,^ v2-12) 

we can for instance write the expansion of in (12.60 as f2 = e~i^ Z'^dl . This symplectic 
notation will be used throughout the paper. 

In addition to the above requirements, we also need that in our basis the wedge product 
of a pair of two-forms can be expanded in the four-forms, with constant coefficients ICijk '■ 

LOiAiOj = JCijkCo'' =^ UiAiOjAUk = — ICijk Co^ ■ (2-13) 

Let us furthermore introduce the following useful contractions 

/C = llCijkv'v^v^ JC, = K:,,kv'v\ (2.14) 

in terms of which the 7D volume form can be written as 

V0I7 = -e-2^/Cw° A^. (2.15) 
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(2.17) 



Sometimes we need a canonical volume form independent of the choice of a particular 
metric and then we will take —u^ A 6. 

Moreover, we need that the set of basis three-forms be closed under the action of the 
7D Hodge dual associated with the metric (12.101) . While this is automatic for the even 
forms (see eq. (12.271) below), for the three-forms S we need to assume that the following 
relation holds: 

* S = -MS Ar/, (2.16) 

where the matrix of coefficients M is required not to depend on the coordinates on Mj, but 
can depend on the metric parameters. Recalling *^ = id, one can show that M satisfies 
= — 1 and that it is symplectic (i.e. M"^CM = C), hence it can be written as 

{ImMy^ReM -{lmM)~^ 
ImM + ReM(lmM)-^ReM -ReM{lmM)-^ 

where A^^^ is a complex, symmetric matrix. 

Finally, we require that the set of basis forms is closed under exterior derivative: 

d6 = rn^Ui , 

dui = Qi^e A Uj + Qf CS , doo' = -OA u^q/ , = , (2.18) 
dE = e AVE - oo'Qi, 
where we defined 

Q,^('"'1. U^(''^«'^:). (2,19) 

\eiAj \sab ua J 

and m\ , m,^, e,A, ma^, sab, t^"", v^b are real constants, with sab = Sba, = t^^, 
and = -ub^- It follows that U^C + CU = 0, i.e. U is in the sp(2nH,ffi) algebra. 
Nilpotency of the exterior derivative imposes the constraints 

m'Q, = , m'qi^ = , UQi + q^Q, = , 

^ ^ , (2.20) 

QfCQj - q[ClCj]kim} = , 

where the expression in the last line is obtained after noting that the exterior derivative 
of the expression on the right in f l2.13p . together with the fact that on a compact manifold 
the volume-form cannot be exact, yields 

qi/JCjk)i = 0. (2.21) 

These constants are going to be the geometric fiuxes in our dimensional reduction. While 
for the first part of the paper we will keep them generic, in the second part, when we will 
turn to our concrete examples, they will take specific (possibly zero) values. 

The above relations completely characterize the SU(3)-structure. The SU(3) torsion 
classes can be evaluated in terms of the parameters V, f *, Z^, Qa and of the geometric 
fluxes. For instance, we find that the scalar torsion classes are given by 



e"' rrtlCi \f2e 2^ + 2 



.2y 



i?=^-^, W, = ^^^^^1^ v^QjCZ, i? = -.e^-^Z^CUZ, (2.22) 
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where Kq^ is given in eq. (I2.23P below. The differential constraints on the basis forms also 
ensure that the SU(3) vector torsion classes Vi, V2, Wq, W4, all vanish. More generally, 
the constraints ensure that no SU(3) triplets appear in the reduction (see e.g. [JU] for a 
discussion on the importance of this fact). 



2.3 Special Kahler geometry on the space of deformations 

In this section we will briefly discuss how the finite-dimensional space of SU(3)-structures 
defined above is described by special Kahler geometry. More thorough discussions can be 
found e.g. in jlQlIlT]. For the purposes of this section, we can just focus on the forms J and 
Q living on Bq, since the scale of the one- form 77 turns out to decouple in the dimensional 
reduction and corresponds to a trivial extra deformation associated with the 4D dilaton. 
It is known that at each point of a 6D space, the deformations of the almost complex 
structure induced by a decomposable three- form fl span a special Kahler space [59], and 
an analogous result holds for the deformations of the (complexified) almost symplectic 
form J. When the assumptions of the previous section are satisfied, these properties 
extend globally on the 6D (and 7D) manifold, in analogy with the well-known case of the 
moduli space of Calabi-Yau three-folds [60] . 

Let us first consider the almost complex structure deformations. Given an expansion 
of f2 in terms of a symplectic basis as in dMD, the Z^, A = 0,1,... are projective 
coordinates on the space of deformations, which has complex dimension uh, while the 
Qa are holomorphic functions of the Z^. The Qa are related to the prepotential function 
G{Z) as Qa = dQ/dZ^. Contrarily to the case of J-deformations (described below), 
constructing the prepotential requires some non-trivial extra work. In appendix [B] we solve 
this problem by showing how the special Kahler data can concretely be extracted given a 
symplectic basis of expansion forms. Namely, we provide a simple algorithm for obtaining 
the dependent variables Qb as holomorphic functions of the independent variables Z^, as 
well as the prepotential Q{Z). Having this useful result at hand, the Kahler potential Kq 
is constructed as 

g-i^n ^0 _ _ • gSV^ = I {Z^Ga - Z^Qa) Cj^ , (2.23) 

and the Kahler metric g^i on the space of deformations is deduced by introducing (away 
from the Z° = locus) special coordinates z"- = Z"-/Z^, a = 1, . . . ,nH, and computing 

n - = ^ Krs 

The period matrix AAabi which relates the upper and lower components of the sym- 
plectic section as 

Ga = MabZ"" , D.Qa = MabDcZ"" , (2.24) 

(where Dc is the Kahler covariant derivative) is computed in terms of the prepotential via 
the standard special Kahler geometry formula 

Mab = Gab + 2^ ^^^g^^^^cz^ ' ^^'^^^ 
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where Qab = d^Q /dZ^dZ^ . One can prove that the matrix M. introduced in the expres- 
sion f l2.16p for the Hodge dual of the basis three-forms, is precisely identified with this 
period matrix (see e.g. 

We now turn to the moduli space of the (complexified) almost symplectic form. Given 
the assumptions of the previous section, we show in the following that locally this is also 
a special Kahler manifold. The proof is analogous to the one for the Kahler structure 
moduli space of Calabi-Yau three-folds (SDEO], with the important difference that we do 
not need to integrate over the compact space due to the strong assumptions on the basis 
forms we made above. 

A metric on the moduli space of the almost symplectic structure J (which, as we will 
see, arises naturally in the dimensional reduction) is defined by 

This can be computed using the identity 

*iJ, = -r]AJAUi + --j—jj-jT]AJAJ, (2.27) 

which follows from the fact that we have an SU(3)-structure and that the basis two-forms 
are of type (1,1) with respect to / (since (12. 8p implies Q A Ui = 0). Plugging in the 
expansion of J and using the properties of the basis forms, we obtain 

9^^ = -Tp'^^^kv' + T^JC.Mv'v' /C,„,„t;™t;" . (2.28) 

We see that gij depends on the f * metric parameters only, and therefore is indeed a metric 
on the space of deformations of J, expanded as in (12. 6p . In the dimensional reduction, the 
J-moduli are naturally complexified with the real parameters 6* arising from expanding 
the IID supergravity three- form A^, as = Ifuji AO + . . . (see eq. (13.31) ). and one is led 
to introduce the complex combination 

f = b' + iv\ (2.29) 

One immediately checks that (I2.28P is a special Kahler metric with respect to these coor- 
dinates, namely = -^-^K, where the Kahler potential K is 

e-^ = -/CyfcfW' = 8/C. (2.30) 
3 

This is the standard Kahler potential following from the cubic prepotential 

1 X'X^X^ . , 

■F = --JCijk — ^5 — , (2.31) 

through the special Kahler geometry formula = i{X^ J^j — ), once the projective 
coordinates X^ are identified as 

X^ = (X°, X*) = (X°, X¥) , (2.32) 
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and with J^i = dT{X)/dX^Q 

In the dimensional reduction, the period matrix A/}j relating and J-'j will also 
appear, playing the role of the gauge kinetic matrix. Starting from the prepotential fl2.3ip 
and implementing the formula fl2.25p . we obtain the explicit expressions 

Re A/'oo = -llCijkb'Vb'' , Re A^oi = \lCijkVh^ , Re = -/C^Jfc6^ 

3 ' 2 ' (2.33) 

Im A^oo = -/C(l + Agijb'b') , Im Afoi = AJCgijV , Im Mj = -^^Qij ■ 

3 The dimensional reduction 

In this section, we present the reduction of the bosonic sector IID supergravity on any 7D 
manifold admitting a basis of differential forms of the type described in section 12.21 In the 
following we provide in turn our truncation ansatz and the resulting 4D action, while the 
technical details of the reduction are given in appendix O In section HI we will prove that 
the reduced action agrees with the formalism of 4D N = 2 gauged supergravity coupled to 
nv vector multiplets and uh hypermultiplets. Then in section Owe will apply our general 
results to the coset manifolds of table [H 



3.1 The truncation ansatz 

The bosonic content of IID supergravity [62j includes the metric and a three-form potential 
A^, with field strength = dA^. The action is 

5ii = ^ /" [R*l-^G,A*G,-^A3AG,AG,y (3.1) 

11 

For the IID metric we take the following truncation ansatz 

ds^ = e^^'lC-'dsl + e-^'ds^Be) + e^"" [9 + (3.2) 

where ds\ is a metric on the 4D space-time, while the 7D part is like the one introduced 
in the previous section, with the parameters v^,z°',V now promoted to scalar fields on the 
4D space-time. We are also gauging the reparametrizations of the coordinate associated 
with the vector dual to 6' by a 4D one- form A^. Finally, we introduced a Weyl factor in 
front of the external metric in order to end up in 4D Einstein frame. 

The ansatz for the three-form potential ^3 is defined by the most general expansion in 
the basis forms: 

A3 = C3 + 5 A (^ + A°) - A' A + i^aA - IaP^ + h'uji A {6 + A°), (3.3) 

""it is interesting to note that the deformations of J and f2 can be described on the same footing by 
using the formahsm of generahzed geometry. Indeed, after introducing the zero-form = 1 and the index 
I = (0, i), the symplectic expansion of 51 in \2.Q\ finds a counterpart in the polyform e* = u)i — TiQ^ . 
Moreover, a symplectic structure on the space of even forms is defined by (w/, cD'^) = —SjCj^, where ( , ) is 
the Mukai pairing, which in six dimensions is antisymmetric. It fohows that the Kahler potential is given 
by e~^w° = -i(e*''^Se*''^'), in analogy with See e.g. [iff for details. 
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where C3 is a three-form, B is a two-form, the are one-forms, and b\ are real 

scalars, all defined on the 4D space-time. Note that can be assembled in a symplectic 
vector 

For the field strength G4 we take 



e = ) . (3.4) 



G4 = dA3 + " , (3.5) 

with 

Gf^ = p^aA AO- Ae + eiQ\ (3.6) 

where e^, p^, qa are constants parameterizing the flux of the four- form on the internal 
manifold. Note that these are only non-trivial if they correspond to non-exact parts 
of G4; otherwise, they can be reabsorbed through redefinitions of the fields ^, ^, b. It 
will be convenient to arrange the four- form fluxes p^, qa together with the geometric 
fluxes Qi introduced in ( I2.18p . f l2.19p in a larger matrix Qj, where we define a new index 
/ = (0, i) = 0, 1, . . . , ny. Namely, we introduce 

go = (^^] , and Qj = (Qo, Q,) = (^^ '^'^] • (3.7) 
\qAj V eiA J 

The Bianchi identity (iG4 = imposes the constraints 

qU, = , Q^CQ, = . (3.8) 

The three-form C3 is non-dynamical in four dimensions; after having worked out the 
4D action we will dualize it to a constant cq. We can then introduce 

ej = {eo,ei) (3.9) 

and, for convenience, 

m^ = {0,m'). (3.10) 

The dimensional reduction is then performed by plugging the above ansatz in the IID 
action f l3.ip . The details on the reduction of the IID Einstein-Hilbert term are given in 
section IC.ll of the appendix, where we provide a formula for the reduction of the higher- 
dimensional Ricci scalar (eq. f lC.3P ) that also applies to more general setups than the one 
of interest in this paper. Note that for the reduction to work, we need to assume that 
the vector k dual to 6 is Killing for some canonical metric. An important piece of the 
computation is the evaluation of the internal Ricci scalar Ri in terms of the 4D scalars 
and of the geometric fluxes, which yields a very non-trivial contribution to the 4D scalar 
potential. In order to do so, we first found a formula for purely in terms of SU(3)- 
structure data; this is given in fIC.Qp . Then we plugged in this formula the expansions 
defined in section [2l2l which lead in the end to the result displayed in eq. flC.23p . The 
details on the reduction of the kinetic and Chern-Simons terms for the IID three-form are 
given in section ing of the appendix. In particular, the expansion of the IID field strength 
G4 and the result of the dualization of C3 are given in eqs. (lC.24p - (lC.26p . Adding up all 
the contributions, we find that IID supergravity reduces to the 4D action below. 
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3.2 The 4D action 

The full 4D action is obtained by adding the contributions from the IID Einstein-Hilbert 
term, eq. flC.2ip . and from the form sector, eq. (IC.28|) . It reads 



S = \ f [ii?4*l + /:kin + Aop-^*l] 



(3.11) 



(3.12) 



(3.13) 



where the 4D gravitational coupling constant IS — ^11 

/ {—uj^/\6), and the Hodge star 

uses the 4D metric ds\. The kinetic terms are 
£ki^ = i e-^^dB A*dB + \ ImMijF^ A*F-^ + \ ReMijF^ A F"^ 

+ gijDV A *DV + g^iDz"" A *Dz^ + d(f) A *d(j) - ie^'^(DO^A *{CMD^), 
while the topological terms, coming from the IID Chern-Simons term, are 
Aop = -ldBA [{2ei + QjCe) A' - fCD^] 

+ \ q/lCjkiA' A A^ A {dA'' - m'^B) - \eim^B A B . 

Here, A^ = [A^, A^) are the gauge vectors, with generalized field strength 

F^ = DA^ -m^B, (3.14) 

where 

DA'^ = dA^, DA' = dA' - A^ AA^q/ . (3.15) 

The gauge kinetic matrix A/}j was given in 02.331) . Further, we recall that Qij is the 
special Kahler metric (12.281) on the moduli space of the complexified almost symplectic 
structure parameterized by the f, while g^j, is the special Kahler metric on the space of 
almost complex structures parameterized by the z"". Furthermore the symplectic matrix 
M appearing in the last term of fl3.12p was defined in (12.171) . 

The covariant derivatives of the scalars arising from the internal metric involve just 
the gauge field A^, and read 

Dv' = dv' - v^q/A^ , 

DZ"" = dZ^ + {-UB^Z^ + I^^Qb) A° , (3.16) 
DQa = dGA + [sabZ'' + ua^'Qb) A^ . 

Note that Dz"" immediately follows from DZ"^, recalling that we identify z'^ = Z'^ /Z^^ 



^ The transformation of {Z^, Qa) that is gauging as expressed above, is manifestly symplectic. Note 
that the transformation of the Z"^ already implies a certain transformation of the since the Qa are 
just functions of the Z^. A priori this does not take the same form as above, the consistency condition 
being 

{sabZ'' + ua^'Qb) = SGa = ^SZ^' = GAci-UB^'z'' + t^'^GB) . (3.17) 

However, in our case this will work out exactly, since, as we show in the appendix around (jC.lSp . the 
transformation is a proper complex deformation. 
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The CO variant derivatives of the scalars coming from the IID three-form are 



Db' = dU - A° Vq' + A^q.' , 

, ' ' (3.18) 

RecaUing that we have f = b'^ + iv^, it follows that 

Df = DU + iDv' = df - {t^A° - A^) q/ . (3.19) 
The real scalar 0, sometimes called the 4D dilaton, is defined as 

and replaces in the 4D action the degree of freedom associated with the rescalings of rj. 

Finally, the scalar potential is \^ = V^eo + Vg^: where V^eo is the contribution from the 
internal Ricci scalar, given in (1C.23|) . and is the contribution from the kinetic term of 



the M-theory three-form, given in (lC.35p . The expression we eventually find is: 



V = 8 e''gi,v\k'v'qi' - 2 6^+^'^ (X^QJ + ^^U^) CM (Q jX^ + U^) 

+ 4e^+^"+2^((7*^' - W) (Q^^CZ) (g.^CZ) 

^ ^ (3.21) 

+ 82e^+^" Z^U^CUZ + 8 e^+2^"(Z^CUZ)2 + 4 e^+^"+2'^(m*/C,)(Z^CUZ) 

- \e^^ [m^lYnMijm^ + {Si - ReJ\fiKm^){\mJ\f)-^^-\Sj - ReUjim^)] , 
where we defined 

£i = ei + QjC^ - e^CUe . (3.22) 

Let us remark a few interesting features of the action above, also comparing with 
previous work in the literature. Whenever the charges qt^ are non- vanishing, we see that the 
vector covariant derivatives fl3.15p have a non-abelian structure. Note that the qi^ charges 
arise in fl2.18p from a non-trivial dependence of the forms Ui, a)* on the coordinate on My 
parameterizing the direction of the vector X. It follows that this non-abelian structure is a 
specific feature of M-theory on 7D manifolds with SU(3)-structure. This was first found in 
|43] . and further studied in [H], for M-theory compactifications on Calabi-Yau three-folds 
fibered over a circle. Ref. [H] also studied the couplings of the scalars associated with the 
hypermultiplet sector (which was not analysed in [13]), including the charges appearing 
in our matrix U. Here, we are extending these results to more general internal manifolds, 
and our 4D action reproduces the ones in [13| HI] once we take Qi = ej = = and the 
two-form B is duahzed to a scalar. The full gauge algebra of our model will be discussed 
in section 14. 2[ while in section [5] we will see that one of our coset consistent truncations 
(the one on N{1, —1)) exhibits the non-abelian structure discussed here. 

We can also make contact with similar reductions of type IIA supergravity on 6D 
manifolds with SU(3)-structure, leading to iV = 2 supergravity [391 ESI EU HHl [6l [65]. In 
order to do this, we consider a reduction along the vector k dual to 6. This is allowed if k 
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preserves our truncation ansatz, or at least a consistent subtruncation of it. Actually, since 
we want off-shell supersymmetry to be preserved, not only the metric, but also our SU(3)- 
structure forms r], J and VL need to be preserved, i.e. we have to impose £^77 = C^J = 
= 0. Let us consider e.g. J: vanishing of the Lie derivative leads to v'^q^^ = 0, where 
we are appending a hat to the indices surviving the subtruncation; since we want the f * to 
be independent, we conclude that the charges qi^ need to vanish. Similar reasoning leads to 
require that the U charges associated with the fields in the subtruncation have to vanish. 
It follows that in the type IIA reduction ansatz the v, b, z scalars become uncharged, 
and their covariant derivative becomes trivial. As for the remaining charges, one has that 

and qA describe the type IIA NSNS three-form flux, while the e/ correspond to the 
RR four-form flux, and m* is the RR two-form flux. This reproduces the action arising 
from dimensional reduction of type IIA on 6D SU(3)-structure manifolds, in the limit 
of vanishing Romans mass, m° = 0. In this context, switching on the Romans mass is 
trivially achieved by promoting = (0, m*) to [m^, m*). We will speculate about turning 
on m° in more general frameworks in section [6l We conclude that with respect to type IIA 
on 6D SU(3)-structures, the present M-theory setup allows for extra couplings, which lead 
to non-abelian gauge groups and to a novel scalar potential including more terms than the 
ones previously appeared in the hterature. 

As a final remark, note that the whole action is invariant under Sp(2n/^, M). Invariance 
under the electric-magnetic group Sp(2ny -f- 2,M) is present just for some terms, like the 
last line of f l3.2ip (once the symplectic vector {m^ ,£iY is defined). 

4 The N = 2 gauging 

4.1 The action with magnetic vectors 

We are now going to show that the 4D action above is consistent with the bosonic sector of 
N = 2 gauged supergravity. A delicate point in this proof is how to treat the two-form B, 
since two-forms do not appear in standard matter-coupled N = 2 supergravity with purely 
electric gauging (see ^6J for a review). This issue is not present when the parameters 
all vanish (i.e. the one-form 6 is closed), since in this case B enters in the action only 
through its field-strength dB, and therefore can easily be dualized to a scalar. After this 
transformation, the action is straightforwardly shown to be an electrically gauged N = 2 
supergravity coupled to ny vector multiplets and uh hypermultiplets. However, in all the 
concrete examples we will study in the next section, the are non-vanishing, implying 
that the potential B appears explicitly in the action; this makes it more involved to 
dualize it, a preliminary electric- magnetic symplectic transformation on the vector fields 
being required. In order to avoid these complications, which would also affect the gauge 
kinetic matrix and the prepotential J-" of our model, we chose to remain in the same electric- 
magnetic frame naturally defined by the dimensional reduction, and to follow the approach 
of [67] (see also p^). In this approach, the are seen as charges under magnetic vectors 
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Ai, and there is no need to completely dualize the S- field away, since both the two- forms 
and their dual scalars play a role in the action. This is allowed because while the electric 
vectors and the scalars are dynamical fields with second-order equations of motion, both 
the magnetic vectors and the two-forms are treated as non-propagating, auxiliary fields. 
The role of the Aj is to make the magnetic gauging manifest, while the two-forms are 
required in order to ensure closure of the gauge algebraic 

In order to match the formalism of [67j, we need to cast the action obtained from 
dimensional reduction in an equivalent form, in which the two-form B becomes non- 
dynamical, and its dual scalar, a, is introduced. This is achieved by the new action 



(4.1) 



in which £kin and £top of section 13.21 are replaced by 

£km = I ImATjjF^ A + i Re7V}jF^ A F-^ + gijDf A *Di^ 

+ g^iDz" A *Dz^ + d(f)A *d(f) - \e'^^{D^fA *{CMD^), (4.2) 
+ ie40 ^Da + leCD^) A*{Da + ^fCD^) 

and by 

Aop = I qXjkiA' A A^ A {dA'' - m'^B) - \eim^ B A B - \B A m^dAj , (4.3) 
where we defined 

Da = da- A^ {ej + ^QjC^) - Ajm^ , (4.4) 

Ai being the magnetic vector fields. Note that the only changes in £kin and £top with 
respect to £kin and £top are that the dB terms have been substituted by the kinetic term 
for a and a topological coupling between B and the magnetic vectors, corresponding to 
the last terms of (14. 2 p and of (14.31) . respectively. The electric field strengths and the 
covariant derivatives of the other scalars displayed in the previous section remain the same, 
and the scalar potential (I3.2ip is also unmodified. The relation between the new and the 
old action is seen by integrating out the vector field m^Aj. Indeed, its equation of motion 
reads 

Da + \i^CDi = -e-^^ * dB , (4.5) 

which states the duality relation between B and a. Recalling (14. 4p . we can solve for m^Aj. 
Substituting the solution in (14. 2p . (14. 3p . the original action of section IX^ is retrieved. Note 



^The appearance of magnetic charges and of two- forms in flux compactifications was first discussed in 
a type II supergravity context, in [51] and in [TO], respectively. An alternative way to match gauged N ^ 2 



supergravity would be to invoke the formahsm of |711 172] , where the coupling with tensor multiplets was 
constructed. In this approach, the two-forms are dynamical, the magnetic charges enter in their mass and 
topological terms, and their dual scalars do not appear in the action. These are precisely the features 
of the action we obtained from the dimensional reduction. The reason why we preferred the approach 
described above is that it makes the magnetic gauging manifest. 
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that, as promised, in the new action the two- form B is non-propagating, in that its kinetic 
term has been replaced by the kinetic term for the scalar a. The equation of motion of 
B is thus of first-order, and gives the duality relation between the electric vectors and 
the magnetic vectors Aj, contracted with . 

We are now in the position of discussing consistency with N = 2 supergravity in the 
presence of both electric and magnetic gaugings. When the charges all vanish, our action 
is in straightforward agreement with the bosonic sector of ungauged N = 2 supergravity, 
with the gravity multiplet — comprising the 4D metric and the graviphoton A^ — coupled 
to ny vector multiplets {A\f} and uh hypermultiplets defined by the scalar fields = 
{(f),a, z'^,^^,^a}, with u = 1,. . . ,4:nH- From (14. 2p . we see that the kinetic terms of the 
hyperscalars define a a-model with target space metric 

K^dq^'dq'' = d(j)^ + galdz^dt + \e^'^ {da + \f€d(f - \e^'f' d(^ CMd^ , (4.6) 

which, as familiar from Calabi-Yau compactifications, is the quaternionic-Kahler metric 
obtained from the special Kahler manifold spanned by the via the c-map construction 
of [73]§ 

Let us now turn to non-vanishing charges. 
4.2 The gauging 

The general scalar covariant derivatives in = 2 gauged supergravity read 

Dt^ = dt^ + BA^ , 

; ~, ~ (4.7) 

Dq"" = dq"" + k'^jA^ - k^'^Aj . 

Here, we are allowing the isometrics in the hyperscalar manifold to be gauged both electri- 
cally and magnetically by Killing vectors kf and k^"^, respectively, while for our purposes 
it will be enough to assume that the isometrics in the vector multiplet scalar manifold are 
gauged just by electric vectors kj. 

From f l3.19p we read off that the gauging of the vector multiplet scalars is described 
by the holomorphic Killing vectors 

k^ = -fq/, k; = q/. (4.8) 



One can check that these vectors are Killing by using the constraint f l2.2ip . The associated 
Killing prepotentials, satisfying |66] 



iVj = k\djK = -kjdjK, (4.9) 



iOpj.Qj^ comparing our gauge kinetic terms with the ones in |66j. we see that the normahzation of our 
vectors differs by a factor of from the one in [66], namely A^°'^° — \/2A^^'^'"^. From eq. (|4.7p below we 
see that this affects the Killing vectors gauging the isometrics of the scalar manifold: fc''""^" ~ fc*''°''°/V2. 
It follows that the general formula for the N = 2 scalar potential, which is quadratic in these Killing 
vectors, acquires an extra factor of 2 with respect to the standard one, see eq. (jP.ip . 
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are 

where to compute Vq we used f*gj*/Cj = 0, which follows from fl2.2ip . 

We now turn to the gauging of isometrics in the hyperscalar manifold. From fl3.16l) we 
read off that the geometric u, t and s-charges in the U matrix lead to gauging under the 
graviphoton of a Killing vector with action 

5Z = \]Z , 5i = \]i. (4.11) 

The vector can be written as 

= m)^^ + + + (uo^|^ , (4.12) 

where for the special Kahler base of the quaternionic manifold we are using the projective 
coordinates rather than the special coordinates z°- = Z°- jZ^ . Such a transformation 
leaves the Kahler potential invariant and leads thus indeed to a Killing vector of the 
special Kahler base. By also working out the transformation of the matrix M under (14.111) . 
one can check that our vector is Killing for the full quaternionic metric (14. 6p (see [741 144] 
for more details). 

By looking again at the scalar covariant derivatives, we infer that the remaining flux 
charges m^, e/, Qi are associated with a gauging of the Heisenberg algebra of isometrics 
which exists for any quaternionic metric of the form (14. 6p . This algebra is generated by 
the Killing vectors 

satisfying the Heisenberg commutation relations [h^, h^] = 6^h . Also taking into account 
( I4.12p . we find that the complete Killing vectors kf and k^^, respectively gauging the 
quaternionic isometrics electrically and magnetically, read 



d 

fc/ ^ = 5? A;u + Qi'^hA + QiAh"^ -eih. 
k^^^S- = -m^h. 



(4.14) 



We now compute the Killing prepotentials Vf, V^^, x = 1,2,3, associated with the 
quaternionic isometrics being gauged. These are important data of = 2 supergravity, 
in that they appear both in the formula for the N = 2 scalar potential and in the super- 
symmetry variations of the fermions. In order to perform the computation, we need the 
connection on the SU(2)-bundle of the quaternionic-Kahler manifold with metric ( 14. 6p . 
We find that this is given by [73] 



,20 (4.15) 
^ - {da + ^fCd^) - 2 e^"Im {Z^lmGABdZ^) . 



2 
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One can verify that our Killing vectors preserve this connection, and hence the SU(2)- 
curvature ^l^ = dco^ + ^e^^^co'^ A co^ : 

Ck,uj'' = A,fi^ = (4.16) 

(same for k^). Due to this property, the general formula for the Killing prepotentials takes 
the particularly simple form: 

= A;]'^, = r^u;^ (4.17) 

This yields the following non-vanishing prepotentials: 

V] + iVj = V2e^+'^ Z^C [Qi + 5? Ue) , 

p3 = _ 1 + qT^^ _ 1^0 ^T(cue) - 5?e^^"Z^CUZ , (4.18) 

We have thus specified the isometrics being gauged in the scalar covariant derivatives 
appearing in our action (14. ip . These unify gaugings previously discussed in the literature 
in different contexts: the gaugings in the vector multiplet sector generated by the Killing 
vectors (14. 8 p were discovered in [13], and further discussed in [H], for M-theory compacti- 
fications on Calabi-Yau three-folds fibered over a circle; the gauging of the isometry (14. lip 
was also described in [H]. While the gauging of the Heisenberg algebra (I4.13P was not 
discussed in |l3l HI], it is familiar from flux compactifications of type II supergravity on 
6D manifolds with SU(3) or SU(3)xSU(3) structure, see e.g. [Ml Sfll EHl EEl |77] . Above 
we have shown that for M-theory on generic SU(3)-structure manifolds, all these gaugings 
can possibly be switched on, provided the constraints (I2.20p . (I2.2ip and (13. 8p are satisfied. 
This leads to non-abelian gauge groups and new scalar potentials. 

The full Killing vectors gauging both the vector- and hypermultiplet sector are obtained 
by adding up the Killing vectors in eq. (14. 8 p and in eq. (I4.14p : 

kj = k{-^ + k]^. + fcy^ , V = r . (4.19) 

^dP ^dP (9g" ^ ^ 

from these vectors we can infer the gauge algebra of our model. We already saw in section 
13.21 that when the charges qi^ are non-vanishing, the electric gauge vectors have non- 
abelian covariant derivatives (I3.15p . This non-abelian structure can be further specified 
by evaluating the commutators of our gauged isometrics. Recalling the constraints (I2.20p . 
(I2.2ip and (13.80 . we find that the non- vanishing commutators are: 

[ko, ki] = Qi^kj , /, 

(4.20) 

[ki,kj] = -qii''K:j]Mk^ ■ 

As for the two-form B, it enters in the generalized field strengths and in the topo- 
logical term (14. 3 p precisely as prescribed by ^7]. For vanishing m^, a topological term 
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like the one in (14. 3p was first found in = 2 supergravity in [78], and in our context it 
was also discussed in |l3l HI] . Its role is to ensure gauge invariance by compensating the 
transformation of the gauge kinetic matrix Re A/". 

It remains to discuss the scalar potential. In = 2 supergravity, this is completely 
determined by the gauging. In appendix |Dl we prove that the expression for the scalar 
potential following from the gauging described above precisely matches the one in (I3.2ip 
obtained from the dimensional reduction. We can therefore conclude that our general 
dimensional reduction is fully compatible with gauged N = 2 supergravity. 

5 Explicit models from coset reduction 

Up to now we have kept the discussion general. We have shown that D = 11 supergravity 
on any 7D manifold M7, not necessarily homogeneous, equipped with the particular SU(3)- 
structure described in section |2l reduces to the general 4D N = 2 supergravity described 
in sections [3] and IH It is somewhat tedious, but otherwise straightforward, to verify that 
the set (or a subset thereof) of the LI forms on all the cosets of table [T] fulfill all the 
requirements described in section [2l We have provided some details in appendix [El For 
an overview of all the models see figure [H To determine the particular effective theory 
corresponding to each coset one only needs to specify the corresponding scalar manifolds, 
and the scalar charges imposed by the geometric and background fluxes. We analyse 
both issues in subsections 15.11 and 15. 2^ where we will also explicitly write out the scalar 
potential for some of the models. Further comments on the individual models are made in 
subsection 15.31 (where, in particular, we find a new, non-supersymmetric solution). Finally, 
in subsection 15.41 we describe the supersymmetric critical structure of our coset effective 
theories. 

5.1 The scalar manifolds 

Let us first discuss the vector multiplet and hypermultiplet scalar manifolds corresponding 
to the individual coset models, as given in table [2l As follows from our results of section 
|2] and appendix [El the LI moduli spaces of Kahler and complex structure deformations 
are, respectively, special Kahler and special quaternionic. For our cosets, the respective 
complex and quaternionic dimensions, ny and uh, are given by the number of LI two- 
forms and half the number of LI three-forms, respectively. These numbers are obtained 
on a case-by-case basis in appendix |El and we have summarised them in table [2l Let us 
now further show that the corresponding spaces are the homogeneous spaces quoted in 
that table. 

The vector multiplet scalars are governed by the cubic prepotential fl2.3ip . Therefore, 
once the constant, symmetric tensor Kijk has been specified for each model, the resulting 
special Kahler space in table [2l follows from the classification of [79] . To see this more 
explicitly, focus first on the cosets with ny = 1,2, or 3, that is, all except A^(l,— 1). 
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N{k,l) = 




M-theory 



SU(3) 



U(l) 

k ^ I. k = —I special 

4^ 



N = 2 

Sasaki- SU(4) 
Einstein SU(3) 



weak G2 



Spm(7) 
G2 



AA = 
Einstein 



S0(8) 
S0(7) 



type 
IIA 



S(U(2) X U(l)) 

-^-1 Betti 



A^ = 

Kahler- su(4) 
Einstein s(u(3)xu(i)) 



N = i 

SU(2) X SU(2) 



'H=2 
nearly- G2 
Kahler SU(3) ' 



U(l) 
1 Betti ^ 



AT = 4 

Sasa]<:i- SU(3) 
Einstein SU(2) 



type 
IIB 



Figure 1: Web of interrelated consistent truncations of IID (blue), type IIA (red) and type 
IIB (purple) supergravity. The diagram is based on figure 1 in [13], but updated with the coset 
models discussed in this paper. In each box we display the geometric structure (if any) and 
the coset manifold on which the truncation is based, as well as its amount of super symmetry. 
Each arrow denotes a consistent subtruncation. Note that the Nearly-Kahler truncation cannot 
be reached directly from the A^(l, 1) and Sp(2)/Sp(l) models, since the respective choices of m* 
geometric fluxes are incompatible. 



From the explicit parametrization of appendix |El where = e^"% it follows that the 
complexified Kahler moduli in (I2.29p do take values on ny copies of the upper half 
plane, SU(1,1)/U(1). With the specific tensors ICijk quoted in appendix lEl it is then easy 
to evaluate the Kahler metric f l2.28p . For ny = 3, the corresponding line element is 

3 

ds^ = J2 [{duif + ie-'"» [db'y] . (5.1) 

i=l 

The cases riy = 2 and ny = 1 are recovered from (15.11) by setting = t^, and = = t"^, 
respectively. The only remaining case we need to consider is A^(l, —1), for which ny = 5. 
For this case, from the tensor JCijk in flE.731) . and the generic expression (12.311) for the 
prepotential, we obtain that quoted in table El The corresponding Kahler potential is 

K = -\og[z (P - t^) {{t' - f){t^ - ?) - (t^ - ty - it' - (5.2) 

which is well-known (see e.g. [l3j) to give rise to the special Kahler manifold given in 
the table. The corresponding Kahler metric, which we omit, can be straightforwardly 
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recovered from (15.21) . A real parametrization for this metric is provided in terms of (lE.75p . 
The rest of the vector multiplet quantities for all our models, namely, the gauge kinetic 
and topological terms, can be recovered for each coset model by inserting these metrics 
and the tensors K-ijk quoted in the appendices into the general expressions fl2.33p . 

Let us now turn to the hypermultiplet sector. We found in section H] that, after duali- 
sation, the hyperscalars are described by the metric (14. 6p on a special quaternionic-Kahler 
manifold. Recall that these are quaternionic-Kahler manifolds in the image of the c-map, 
and are completely determined by their special Kahler submanifold. The latter is empty 
for uh = 1, as corresponds to reductions with rigid complex structure, and leads to the uni- 
versal hypermultiplet moduli space, SU(2,1)/S(U(2) x U(l)). For the cosets with uh = 2, 
the complex structure does admit LI fluctuations, and we find two possibilities. Both have 
special Kahler submanifold SU(1,1)/U(1), but equipped with either a cubic or a quadratic 
prepotential, which leads respectively to 62(2) /SO (4) or SO (4,2) /(SO (4) x SO (2)) [73]. 
From the explicit calculation of the prepotentials in appendices [B] and [El we conclude that 
the V5^2 model leads to the former case, while the Sp(2)/Sp(l) and A^(l, 1) models lead 
to the second. We have quoted the prepotentials themselves in table U\ written out in the 
symplectic frames introduced in appendices IE.4[ for ¥5^2, and IE.5[ for Sp(2)/Sp(l) and 
iV(l,l). 

We can now explicitly find the metrics on all three special quaternionic manifolds, that 
define the hypermultiplet non-linear sigma model after dualisation of the two-form B, by 
evaluating the general metric For SU(2,l)/S(U(2)xU(l)), = and M = C, so 

(14. 6 p reduces to 



(5.3) 



For the tih = 2 cases, we parametrize the (only) complex coordinate z on the special 
Kahler submanifold SU(1,1)/U(1) in terms of real scalars as in flE.45p . for ¥5^2, and 
( IE.6ip . for Sp(2)/Sp(l) and A^(l, 1). Then we compute the matrix M entering the metric 
(14. 6 p in the specific symplectic frames introduced in appendices IE.4[ for V5 2, and lE.5[ for 
Sp(2)/Sp(l) and A^(l,l). In order to do so, we first compute the matrix in (I2.25P 
with the help of the cubic, (IE. 430 . and quadratic, ( IE.59p . prepotentials, and using the 
holomorphic sections Z"^, Ga that can be read off from the expressions for Q in (1E.44P 
and (lE.60p . After a final rearrangement, the end result is, for the metric on G2(2)/SO(4), 



huvdq^dq^ = 

d<l>' + ^{d^f + \e^^{dxf + \e'^ \da + UiHio + i'dii - idi' - iidi') 



1 2 



de - VSxd^' 



1^2</,+2^ 



+ 7e 



dfi - V3x'de + 2xde 



dio + VSxd^i - x'de + V3x'de 



(5.4) 
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and for the metric on S0{A,2)/ {SO{A) x S0{2)), 



Kvdq^'dq 

+ \e'^+^{de + de f + le^^+n^e^o - di. 



2 + \dip^ + \e-^^{dxY + \e'^ da + Ke^^/fo + ^dli - - lide]' 

2 



^1 20-^ 



t^eo + rffi-x(c^e° + rfe^)l'. (5.5) 



We have verified that these three metrics are Einstein, as corresponds to quaternionic- 
Kahler spaces, with normahsation such that the Ricci tensor equals —2{nH + 2) times the 
metric. We have also doublechecked that these are the (only, once the normalisation has 
been fixed) G-invariant metrics on the corresponding non-compact homogeneous spaces 
G/H hj explicitly constructing the metric from the Maurer-Cartan form in the Iwasawa 
parametrization. 

5.2 The gaugings 

As shown by the individual analysis of appendix |El the LI forms on all cosets close under 
exterior differentiation into an algebra of the form (12.1 8p dependent on a set of parameters, 
the so-called geometric fluxes. Together with the Freund-Rubin parameter cq, these are 
then responsible for the gauging of the effective theory. Note that since for all our coset 
models the Betti number 63 = 0, all the fluxes Cj, and qa are trivial. To obtain the scalar 
charges and the potential for each particular coset model, we just need to evaluate the 
general expressions in sections [3] and S] using the speciflc geometric fluxes for each coset. 
In order to avoid overloading the paper with lenghty individual formulae, we only tabulate 
a consistent set of geometric fluxes for each one. These allow for the reconstruction of all 
relevant gauging-related quantities of the speciflc models using the general expressions of 
the previous two sections. 

The set of speciflc geometric fluxes, m\ , rrii^, eiA, ua^, sab, t^^, that we have 
brought to tables [3] and H] are those that can be read off by comparing the general algebra 
( I2.18P with the individual expressions given in appendix |El Although these parameters 
do not have an intrinsic meaning (they rather depend on the speciflc duality frame of the 
set of forms used to compute them) they are enough to characterize the charges and the 
scalar potential for the individual models. 

We conclude this section by explicitly evaluating the scalar potentials for some of 
the models in table |2l using the scalar manifold parametrization of appendix [E] and the 
geometric fluxes of tables [3] and ID Some further massaging is required to bring the 
potentials in the form written below. The flrst one is the scalar potential for the Q^^^ 
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Table 3: Geometric fluxes m*, and for each of the coset models. For our choice of 
expansion forms, the parameters CiA vanish in all models. 
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Table 4: Geometric fluxes , sab and for each of the coset models. 



27 



model: 



Y _ _gg2</) ^g-2ui _|_ g-2M2 _j_ g-2M3j _|_ g40 ^g-2ui+2M2+2M3 _j_ ^2ui-2u2+2u-i _|_ g2«i+2u2-2«3 j 



4(/)— 2jii-2tt2— 2u3 



+e 

_l_^p4<^-2Mi-2n2-2M3 

^4 



2\2 



e4«i ^ ^3)2 ^ g4«2 (51 + ^3)2 ^ g4«3 (5I + ^: 

'eo + 2b'b^ + 2h'9 + 26253 + 2(e°)' + 2(eo)' 

^4g2<^-2«,-2«2-2«3((^0)2 ^ (1^)2^)^ 



(5.6) 



where the scalars Mi, i = 1,2, 3, have already been introduced above equation (15 .11) . Here 
we have set the form fluxes p'^,qA, to zero without loss of generality: we have checked 
that this can always be done by a field and Cq redefinition. The potentials for the M^^° and 
the SU(4)/SU(3) models can be obtained from (15.61) by setting = and = = 
(recall that = 6* + ie^"'). This just reflects the consistent subtruncation pattern of 
removing Betti vector multiplets. The potential for the SU(4)/SU(3) model can be seen 
to coincide with that for the universal SE7 truncation [5j. 

The second one is the scalar potential for the V^^2 niodel, where we have also set to 
zero all the form fluxes, except cq, without loss of generality: 



V = _24e^'^+2"^ 
1 



16 —6m 
3 



4 
+ 7:e 



4(/)— 6ui 



eo + Q{br + liiif + j=M' - Moe + i(e 



1\2 



2(^— 6tii 



3e'^{ef + e^[V3e + 2^, + 3xe 

+e-^(v^io - 2e + 2x^1 + vse) + sx'e 

+e-3^f - Vsfi + X(36 - 2V3e) + x'(2v^6 + 3^°) + v^x'^^ 



(5.7) 



Here we have used, again, the scalar ui introduced above equation (15. ip . and (p, x in f!E.45p . 
The V5^2 effective theory can be further truncated consistently to the universal SE7 model, 
by getting rid of the additional hypermultiplet. Accordingly, the universal SE7 potential 
can be recoved from (15. 7p by switching off the complex structure deformations, = 0, 
X = 0, and two of the Darboux scalars ^a- Not all symplectic frames for the latter 
allow for the truncation to go through consistently, however: for example, it is inconsistent 
to set = ^1 = in the frame used in (15. 7p . To truncate consistently to the universal 
model, one should first symplectically rotate 



{5.i 



and then do set C,^' = ^'i = 0. Although no prepotential for the complex structure defor- 
mations turns out to exist in the primed basis, the latter is preferred by the mass matrix: 
the primed scalars are the states of definite mass (see table [7]). 
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Finally, we provide an explicit expression for the A^(l, 1) potential: 

j^2g2</> ^g-2Mi _|_ g-2M2j _ ^g-2Mi-2M2-2u3 _|_ ^-2ip-2ui-2u2~2u[i _|_ _|_ g2(/jj2 
j^}i^2(f>-ip ^-^ _j_ ^2 _|_ ^2ip^ ^g2ni-2u2-2n3 _|_ ^-2ui+2u2-2u3 _|_ ^^-2ui-2u2+2u-j. _ gg-2u3j 
_j_g4(/) ^g-2Mi+2n2+2M3 _|_ g2Mi-2M2+2«3 _j_ g2ui+2u2-2«3 j 

g4«i (52 ^ ^3 _ 1^)2 ^ g4«2 (51 + ^3 _ 1^)2 ^ g4«3 (^1 + ^2 ^ 2^1)'' 

eo+26i62^26i63^26263_2(6i + - 26=')a+2(e°)^+2(6 

4e^(e°)' + e^(6' + 6' - 26^ - 2^0)' 
+g-^(5i + 52 _ _^ 2fo - 2xiy + e-^ (2^° - xiP^ + - 26' - 2fo)) 



_j_g40— 2ui— 2m2-2m3 



(5.9) 

The squashed 5''' model is obtained from here by setting U2 = Ui, 62 = (and then 
redefining M3 — > U2, 63 — )■ 62)- The universal SE7 model is further obtained by setting 
u-i = U2 = Ml, h = b2 = bi, and ^1 = = 0. 

5.3 Salient features 

We would now like to make some further comments on each individual model, complet- 
ing the description given at a glance in tables [2], |3] and HI and the case-by-case coset 
construction of appendix [El In particular, we comment on sub truncation patterns and 
non-supersymmetric AdS vacua, and leave to next subsection the description of the su- 
persymmetric points. 

M^io, Qiii and 1^5,2 

The reductions on M^^^ and Q^^^ correspond to the addition of one and two Betti vector 
multiplets to the SU(4)/SU(3) model. As pointed out in [TB], the forms defining a Sasaki- 
Einstein structure have the same algebraic and differential properties as the LI forms on 
SU(4)/SU(3). Accordingly, the reduction on SU(4)/SU(3) can be extended to a universal 
reduction on any Sasaki-Einstein manifold, which coincides with that of [5]. Similarly, one 
can replace the CP^ in the base of M^^" by any 4D compact Kahler-Einstein manifold and 
obtain a consistent reduction of the same form. The CP^ can be replaced by CP^ x CP^, 
leading to Q^^^, or by a del Pezzo surface. 

Since all these models contain the universal SE7 truncation, all AdS solutions of the 
latter are also solutions. These include the the N = 2 supersymmetric Sasaki-Einstein so- 
lution (and its skew- whiffed counterpart), the non-supersymmetric Pope- Warner solution 
[5U] (which is stable within these truncations) and Englert solution [HI] (which is unstable, 
as is already the case for the universal SE7 truncation). This also holds for the model on 

V.2. 
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In addition, we find a new non-supersymmetric AdS family of solutions of the M^^° 
and Q^^^ models, which are not solutions of the universal SEy model. It can be checked 
that the following, 

b' = b^ = b' = 0, (ff + = , e„ = ->'. , 

is an AdS critical point of the Q^^^ potential fl5.6p . which acquires the value V = ~12-^J^a^/'^ 
Here, a > is just an overall scale, and the scalars Ui, U2, U3 are those introduced in ap- 
pendix [K31 They are related to the scalars ui,U2,U3 used in (15. 6p via the change flE.34p . 



Permutations of the scalars f/i, f/2, U3 in flS.lOp are also solutions. The corresponding solu- 
tion of the M^^" model follows (up to permutation) from the truncation Ui = U2, bi = b2, 
consistently valid across the full moduli space. We have verified that all the masses are 
above the BF bound, which indicates that the solution is stable within the Q^^^ and M^^° 
truncations. 



Sp(2)/Sp(l) and N{1,1) 

These models support a tri-Sasakian structure. Moreover, it was shown in [13] that the 
reduction on the coset space Sp(2)/Sp(l) to an = 4 theory can be extended to a 
reduction on a generic tri-Sasakian manifold. In appendix IE. 51 we construct the maximal 
N = 2 subtruncation of the A^ = 4 model, which contains ny = 2 vector multiplets 
and riH = 2 hypermultiplets. Since this subtruncation can be obtained by imposing 
invariance under a certain Z2 symmetry on the expansion forms and since this symmetry 
can be expressed in terms of the tri-Sasakian structure, it follows that this subtruncation 
is automatically consistent and moreover that it can also be extended to a generic tri- 
Sasakian manifold. 

One interesting point is that for every choice of metric there are two possible SU(3)- 
structures in the model, labeled by e = ±1 in the appendix^ The N = 2 model therefore 
displays two separate branches. These have the same bosonic sector (with different range 
of the scalars, however), but are expected to have a different fermionic sector. Indeed, both 
of these branches contain all of the solutions, but since they are described with a different 
SU(3)-structure, a different amount of supersymmetry will be visible. For instance, all of 
the AdS vacuum solutions of the A^ = 4 model of [13] will be present: the round solution 
(with manifest N = 2 for e = 1 and A^ = 1 for e = —1), the non-supersymmetric associated 
Englert solution and the Pope- Warner solution (the latter being already unstable within 
this truncation). Furthermore, there are the following solutions, which are rotationally 
symmetric in the rj^-space: the squashed solution (with A^ = for e = 1 and A^ = 1 for 
e = —1), and the associated Englert solution. 

^"'^Strictly speaking, if one goes from the SU(3)-structure with e = 1 to the one with e = —1, the 
orientation is also changed, so that in order to obtain exactly the same solution one has to compensate 
this by setting J — > — J and $7 — f2. 
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We note two main subtruncations. First, one obtains the Sasaki- Einstein subtruncation 
of [5], with ny = uh = 1 by putting Ui = Vi = V2 and z = i. As vacuum AdS solutions 
it contains the round solution (with = 2), the associated Englert solution and the 
Pope- Warner solution. Second there is the truncation with ny = "^jUh = 1 that one 
obtains by keeping only the expansion forms that are invariant under the action of X. 
This amounts to putting z = —i. The reduced theory is equivalent to the type IIA 
theory of [B] on Sp(2)/S(U(2)xU(l)) with Romans mass m = [6J. As vacuum solutions, 
this theory has the round solution (with A^ = 1), the squashed solution and the Englert 
solution associated to the latter. Note that the geometric fluxes m* that this ny = 2, 
uh = 1 truncation necessarily possesses, prevent a further truncation to the ny = 1, 
uh = 1 model corresponding to (massless) type IIA on G2/SU(3) [6] or, equivalently, IIA 
on any nearly-Kahler six-fold [46j. Finally, a different further subtruncation is the A^ = 1 
SO (3) ij- invariant truncation described in section 7.2 of [13]. 

Finally we note that the N = 2 truncation on A^(l, 1) can be found by adding a Betti 
vector multiplet to the truncation on Sp(2)/Sp(l). 

N{kJ) and A^(l,-1) 

For generic k,l the truncation on N{k,l), which has ny = 3,nH = 1, has two A^ = 1 
vacuum solutions of the type of eq. flA.23p . As indicated in diagram [H these models do 
not have a Sasaki-Einstein subtruncation, but rather a weak G2-subtruncation. 

A special point is k = —I = 1. In this case the two A^ = 1 vacuum solutions collapse to 
one solution. This manifold has two extra LI two-forms, so that the consistent reduction 
enhances to one with ny = 5,nH = 1- This allows for an extra non-supersymmetric LI 
Einstein solution with off-diagonal metric entries, which was first found in [82]. 

The model on A^(l, —1) is also interesting because it is the only one with non-trivial 
g-fluxes. According to the general analysis this implies a gauging of the scalars in the 
vector multiplet sector as well as the presence of a non-abelian gauge group. 

5.4 The supersymmetric vacuum structure 

All models admit supersymmetric AdS critical points which, by a suitable choice of geo- 
metric fluxes, can be always brought to the origin of the parametrizations of appendix [El or. 
alternatively, arises at the points given in the appendices. The SU(4)/SU(3), M^^°, Q^^^ 
and V^^2 niodels have only one N = 2 point, that renders those spaces Sasaki-Einstein. The 
models based on the squashed S'^ and A^(l, 1) posess two supersymmetric critical points, 
with N = 2 and A^ = 1. The generic N{k,l) models display two A^ = 1 critical points 
(denoted by I and II in [36]). These coalesce for A^(l, —1) on a single A^ = 1 point. At 
the supersymetric critical points we find that the spectrum of each model organizes itself 
in 0Sp(4|A^) multiplets, as it should. We have summarized the type of Osp multiplets 
that arise for each model at each supersymmetric point in tables O and O Appendix [F] 
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q7 _ SU(4) 
SU(3) 






V52 


c7 _ Sp(2) 
(round) 


iV(l,l) 
(round) 


Gravity 


1, (2,0) 


1, (2,0) 


1, (2,0) 


1, (2,0) 


1, (2,0) 


1, (2,0) 


Long vector 


1, (4,0) 


1, (4,0) 


1, (4,0) 


1, (4,0) 


2, (4,0), (3,0) 


2, (4,0), (3,0) 


Massless vector 





1, (1,0) 


2, (1,0), (1,0) 








1, (1,0) 


Chiral 











2 C2 _2^ ,2 2n 
' V3, 3;, 1^3, 3; 









Table 5: Summary of OSp(4|2) multiplets at the N — 2 point of each model. The format of 
each entry is n, (Ai, Ri), . . . , (Ai, Rn), where n is the number of multiplets of each type, 
and (Aj, Ri) are the conformal dimension and U(l) R-charge of the lowest component of 
each multiplet. 





q7 _ Sp(2) 

(squashed) 


iV(l,l) 
(squeished) 


N{k,l)iji 


iV(l,-l) 


Gravity 


1, (2) 


1, (2) 


1, (2) 


1, (2) 


Massive gravitino 


1, (4) 


1, (4) 


1, (4) 


1, (4) 


Massive vector 











2, (1+^) 


Massless vector 


1,(1) 


^, 1,2' 2^ 






Chiral 


c (r 10 10 10 5-. 
J, V^i 3 ' 3 ' 3 ' a-* 


(c: 11 10 10 10 5\ 
0, 3 , 3 , 3 , 3,3^ 


4 


4 



Table 6: Summary of 0Sp(4|l) multiplets at the = 1 point of each model. The format 
of each entry is n, (Ai, . . . , A„), where n is the number of multiplets of each type, and Aj 
is the conformal dimension of the lowest component of each multiplet. The Aj have been 
omitted for the chiral multiplets oi N(k,l) and A^(l, — 1). 



contains the full spectra at these points. All these supersymmetric points partner with 
their corresponding, skew-whiffed, non-supersymmetric counterparts. 

6 Outlook 

In this paper, we established a general dimensional reduction of IID supergravity on 7D 
manifolds with SU(3) structure, leading to N = 2 gauged supergravity in four dimensions. 
We discussed how our reduction encompasses and generalizes several results previously 
derived in the literature on flux compactifications of IID and type II supergravity. In the 
second part of the paper, we specialized to the coset manifolds 1/5,2 (the Stiefel manifold), 
N{k,l) (the Aloff-Wallach spaces), SU(4)/SU(3), Sp(2)/Sp(l) (which are two versions of 
the seven-sphere), M^^^ and Q^^^, which represent all the homogeneous SU(3)-structures 
admitting supersymmetric AdS4 vacua of IID supergravity. For each of them, we estab- 
lished a consistent truncation of IID supergravity to a specific gauged N — 2 supergravity 
model, which we analysed in detail. The main features of these models having already 
been summarized in the Introduction, here we speculate about how our general reduction 
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could possibly be further extended. 

We start remarking that the gaugings specified by our dimensional reduction are not 
the most general ones allowed by = 2 supersymmetry. For instance, our vector of 
magnetic charges is = (0, m*), implying that the magnetic dual of the graviphoton never 
participates in the gauging. From a purely 4D perspective, there is no obstruction against 
introducing a non- vanishing parameter m° so that gets completed to = {rnP^m^). 
Our N = 2 action of section H] is already suitable for accomodating the extra charge: the 
only modification required is that the expression of the scalar potential gets generalized 
as discussed in appendix [Dl When the qi^ and U charges vanish, the IID supergravity 
reduction has a type IIA counterpart (see discussion at the end of section [3]), and the 
addition of m° is interpreted as switching on the Romans mass. However, when a type 
IIA picture is not available, the higher-dimensional interpretation of m° is not clear. One 
way to incorporate it in an M-theory reduction might be to see it as a non-geometric 
flux: in the spirit of |75], one could generalize the first differential relation in (12.181) to 
D6 = m^U], where "D is a generalized differential operator, of the form V = d + Q-, with 
Q being a non-geometric flux which acts by index contraction. 

From a 4D point of view, there are further gaugings that could naturally be switched 
on. Indeed, our flux matrices transform symplectically under Sp(2ni^,]R), but are sym- 
plectically incomplete as far as Sp(2ny + 2,R) is concerned. One could speculate about a 
possible higher- dimensional interpretation of these extra gaugings as non-geometric fluxes 
(see e.g. [75] for a similar discussion in a type II framework). 
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A Supersymmetry conditions for AdS4 vacua 



In this appendix we analyse the supersymmetry conditions for vacuum AdS4 solutions to 
IID supergravity, and in particular use them to show that homogeneous supersymmetric 
solutions are always of Freund-Rubin type. This theorem and its proof is similar to an 
analogous theorem for type IIA supergravity that likewise forbids static SU(2) or genuine 
SU(3) xSU(3)-structure supersymmetric AdS4 solutions on homogeneous 6D compactifi- 
cation manifolds j83| [55]. Furthermore, we use the relation between the respective torsion 
classes of a G2-structure and SU(3)-substructures to construct the supersymmetry condi- 
tions for SU(3)-structure vacua. For the manifolds studied in this paper, they lead to two 
important subcases. 



A.l Homogeneous supersymmetric solutions are of Freund— Rubin 
type 

The supersymmetry conditions for a bosonic configuration in IID supergravity are ob- 
tained by requiring that the variation of the gravitino, given by 

5^M = VMe + (Fm^^^^ - 8 5^,F^«^) G^PQue , (A.l) 

Zoo 

vanishes for some IID Majorana-Weyl spinor e. 

Let us first set up the reduction ansatz for vacuum solutions of the type AdS4 x My, 
which is simpler than the off-shell reduction ansatz used elsewhere in the paper, but 
introduces a warp factor for completeness. For the metric we take 

ds"^ = e^^g^^^^^dx^'dx" + g^ndy'^dy'' , (A.2) 

where A(?/) is the warp factor, (7(4)^1^ is the AdS4 metric and Qmn the metric on the internal 
space M7. The ansatz for the four-form flux is 

6-4 = e^^vol4/ + F , (A.3) 

where V0I4 is the volume- form built from (7(4)^1,. To study the supersymmetry generator 
we introduce the following compactification ansatz for the gamma-matrices 

= e^7^ ®1, V^ = -i7oi23 ® 7m , (A.4) 

where 7^ and 7^ are the 4D and 7D gamma-matrices respectively (constructed using 
vielbeins associated to the metrics Qmn and g(4)fj,u respectively). We also take 7^ = 7^ 
and 71...7 = ^, where the indices in the latter and in 70123 above are flat. 

We will construct the supersymmetry conditions for having minimal = 1 supersym- 
metry in 4D (which includes > 1 as subcases). The general A^ = 1 ansatz for the 

e^/ V+ ® C + e'^/ V- ® C • (A. 5) 



supersymmetry generator ig^^' 



^For an analysis of supersymmetry ansatze in this context see e.g. [5 7) . 
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Here, 4'± are 4D Weyl spinors, related by ip- = D^i/j+y with D4 such that 7* = D^^'^^D^^. 
So together they define four supercharges (A^ = !)• C is a 7D Dirac spinor, with complex 
conjugate = Dy(*, where D-j is such that = —Dj^'j^D^. 

Now we are ready to plug the compactification ansatz in flA.2p . We will not aim here 
at a complete analysis, but mostly work towards proving the theorem stated above. First, 
the 4D spinors should satisfy the AdS Killing spinor equation 

^ fii^- = -ff,'ip+ , (A.6) 

where the complex constant w is associated to the AdS radius £: \w\ = Second, instead 
of studying the spinor equations directly it will be convenient to follow the G-structure 
approach and introduce differential forms constructed in terms of spinor bilinears as follows 

CW(/)C = I Chm^.^rnXdy"^' A • ■ ■ A dy^^ , / = 0, 3, 4, 7 . (A.7) 

Using the properties under complex conjugation of the spinors and gamma-matrices one 
can show that the above bilinears are zero for other values of /. Moreover, we can also 
introduce 

CS)C, (A.8) 

which is real for / = 0, 1, 4, 5 and imaginary for / = 2, 3, 6, 7. From the vanishing of the 
gravitino variation one finds the following properties for the exterior derivatives of these 
spinor bilinears: 

d{e'^C^C)-2e'^w(%^)( = 0, (A.9a) 
d {e'H'^i3)C) - 2 e'^w CH(4)C + e'^F C^C = , (A.9b) 
d {e'H^(2)C) + 3^ e^^Im {w C^i3)C) -te^^* F{C^C) = , (A.9c) 

These equations can also be found from plugging our reduction ansatz in the spinor bilinear 
equations of [H]. For the proof of our theorem we need some more relations, which follow 
from the original gravitino equation, namely 

(e C) - Vi^C = , (A.IO) 

and 

^e-^Im(^i;C^n + (c^C = 0, (A.lla) 

^ C^AC + I e-^Re {w (^C) + ^C^FC = . (A.llb) 

In these relations, contraction of forms with gamma-matrices (the Dirac slash) is implicitly 
understood. 
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The proof now goes as follows. For a homogeneous solution all scalars have to be 
constant. It follows then from eq. (1A.9al) that 

C^7(i)C = 0. (A.12) 

This condition is equivalent to the statement that ( and are proportionalifl 

C = e'^C, (A. 13) 

or alternatively the statement that e*^/^C becomes a Majorana spinor. Plugging (1A.12|) 
into eqs. f[O0l) and flA.llbl) implies then Re{wC^C) = 0, or using eq. (1A.13I) . 



Reiwe''^) = 



(A.14) 



Eq. flA.13P also implies CW(2)C = 0, which we can use in eq. f lA.QcP together with (IA.14P 
and again ( 1A.13I) to find finally F = 0. From eq. (1A.3I) we see that this means that the flux 
6*4 is completely along the 4D volume, which is the hallmark of a Freund-Rubin solution. 
We can find the Freund-Rubin parameter / from (1 A. flap . 



/ 



-3e lm(we 



iP\ 



(A.15) 



Furthermore, the warp factor will be constant even for a non-homogeneous solution. This 
concludes the proof. 



A. 2 Relation between G2-structure and SU(3)-structure 

In the regime of the previous subsection, where eq. (IA.13P holds, we find that there has 
to be a G2-structure on M7, associated to the Majorana spinor e*^/^C- Indeed, we can 
associate the only surviving non-trivial spinor bilinears to the structure form of the 
G2-structure and its Hodge dual as follows: 

^ = 7'^*^'»''^' (A.16) 

*70 = C 7(4)C- 

We find then from eq. flA.Qbp the conditions for = 1 supersjnnmetry imply the condition 



for weak G2 holonomy: 

c/(e3^0) = 2e^^w*j(t), (A.17) 

with w = —id^w. It is convenient to express this in terms of the G2 torsion classes, which 
correspond to the different representations of the exterior derivative of the G2-structure 
form and its Hodge dual: 

= To *70 + 3 Ti A + *7r3 , r K 

(A.18) 

d *70 = 4 Ti A *70 + r2 A , 



^■^One pedestrian way to show this goes as fohows. Go to an explicit representation of the 7D gamma- 
matrices in terms of 6D gamma-matrices. Write C as a sum of a 6D positive- and a negative-chirahty 
spinor: C = C+ + C-- Now expand — cC^ + c^liCX- Plugging this into (|A.12p one finds c* = and 
|cp = 1, from which in the end (jA.13|) foUows. 
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where Tq, ti,T2 and transform under G2 as 1, 7, 14 and 27 respectively. We find then 
immediately that we must have To = 2w and ti = T2 = = 0. In the Freund-Rubin setup, 
one can show that eqs. (lA.lSp and (1A.17P (with dA = 0) are sufficient for a supersymmetric 
solution. 

Now, assume we have an SU(3) structure on Mj. Then the supersymmetry condition 
(1A.17I) can be translated into conditions on the SU(3)-structure. In order to do this, note 
that having an SU(3)-structure means there exists a globally defined Dirac spinor on M7, 
which yields a U(l) worth of Majorana spinors. Correspondingly, we can construct a 
one-parameter family of G2-structures containing our SU(3)-structure as 

(f) = r]AJ + Re (e^^fi) , 

1 (A.19) 

^ *jct> = -J A J -T] Mm (e'Tl) , 

where the parameter a is related to the choice of the Majorana spinor defining the G2- 
structure starting from the Dirac spinor defining the SU(3)-structure. The next step is 
to construct a relation between G2 and SU(3)-structure torsion classes. To simplify the 
expressions we put the vector SU(3) torsion classes Vi,V2,PFo, W4 and W5, which never 
appear in this paper, to zero. We find then 



To = i [6 + 12 Re (e'^'Wi) + 4 ImE] , n 
T2 = T2 + lm{e'''W2), 

rg = ^ [AR + Reie'^'Wi) - 2lmE] [4r] A J - 3Re{e'"Q 



-ReE + -lm(e'''Wi] 
3 2 ^ ' 



(A.20) 



- ?7 A [Ti + Re{e'''W2)] - *6[Re(e*"S) - W3] . 
We can now analyse the supersymmetry condition ( ]A.17I) in terms of SU(3)-structure. 

A. 3 SU(3)-structure supersymmetry conditions 

We are now ready to express the = 1 supersymmetry condition in terms of SU(3)- 
structure classeso Using (lA.lSP and f lA.20p in (]A.17p we find then (putting the warp 



factor to zero) 

w = ^ [6i? + 4ImE + 12Re(e^°iyi)] , 4i? - 2ImE + Re (e^^W^i) = 0, 

Ti + Re(e*"iy2) = 0, T2 + Im(e^°W2) = , (A.21) 

Re(e^"^) - 1^3 = 0, |ReE + Im(e*"iyi) = 0. 

In our case of homogeneous structures, the last equation actually splits in ReE = Im(e*"iyi) 
0. Indeed, from (12. 3 p we find the relation dJ^ = 2ReEri A J^, which, since on a compact 



^^For a more thorough study of the AdS4 supersymmetry conditions on an SU(3)-structure manifold, 
also outside the Freund-Rubin case, see [85l[57]. For a classification of A'' = 2 solutions, see l86l. 
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manifold the volume- form cannot be exact, implies that KeE cannot be everywhere non- 
vanishing; if the structure is homogeneous, then we conclude that KeE = 0. As for the 
solutions to the rest of the equations, we can distinguish two independent subcases, which 
play an important role in the paper. First let us look at solutions with N = 2. This means 
they should be vahd for all a, which puts Wi = W2 = S = 0. This leads immediately to 
the class of Sasaki-Einstein solutions: 

R = w, E = 2wi, Ti = T2 = W2 = S = W:i = 0, (A.22) 

which are usually normalized by taking w = 2, in such a way that the SU(3)-structure 
forms satisfy (12. 5p and the Einstein constant of the Sasaki-Einstein metric is 6. For these 
solutions, the U(l) generated by the vector dual to t] plays the role of the i?-symmetry, 
and the metric ds'^lBg) is Kahler-Einstein. The reduction to type IIA supergravity along 
this vector breaks all supersymmetry. 

Second, we consider = 1 solutions for which the SU(3)-structure is invariant under 
this U(l). In other words they must obey CxJ = '^x^ = '^xV = . This leads to 

w = -3R, Re(e^"iyi) +4i? = 0, Ti + Re(e^"iy2) = , 

( J\.Zo j 

E = Im(e*"l^i) = Imie'^'Wi) = W3 = T2 = S = . 

Choosing for instance e*" = —i, the exterior derivatives of the SU(3)-invariant forms 
read then as in (12. 5p . The solution takes the form of a U(l) fibration over 6D half-fiat 
SU(3)-structure manifold. Since the structure is invariant under the vector X dual to r], 
reduction to type IIA along it does not break supersymmetry. This leads to the solutions 
of |17l SBl Sn] in the limit of zero Romans mass. 

Note that a priori there could also be more general A^ = 1 solutions which are not 
invariant under the U(l), but we did not find any among the coset manifolds we considered. 



B Calculation of the prepotential Q 

At each point of a 6D SU(3)-structure manifold, the space of deformations of the almost 
complex structure induced by the decomposable complex three-form Q is special Kahler 
|59] . Sometimes this property extends globally, at least for a subset of all possible deforma- 
tions. For instance, on coset manifolds this is the case as far as left-invariant deformations 
are concerned. In this appendix, we elaborate on the results of |59] (see also [ID]) and show 
how the special Kahler geometry data can concretely be extracted starting from Q. In 
particular, starting from an expansion of in terms of a symplectic basis as in we 
provide an algorithm for obtaining the dependent variables as holomorphic functions 
of the independent variables Z^, as well as the prepotential Q{Z). 

^^For simplicity we put in this appendix V ~ in the expression (j2.6p for il. Since turning on V only 
changes by an overall factor, it has no effect on the expression of G anyway. 
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In [59] it is shown that a decomposable complex three-form is completely determined 
by its real part through the Hitchin function. If we take Refi = x^oa — va(3^, then the 
Hitchin function is given b}0 



Hix^'^VA) = \/-jTrir2, with K™„ = l(Refi)„,,,,Ai(RefiU,,,e™™% (B.l) 

where e is associated to the canonical volume-form — a)°. For K defined as above, one 
shows that K"^nK^p = cS"^p. Then Q is decomposable if and only if c < 0, which allows 
for making K into an almost complex structure by normalizing. The variation of the 
Hitchin function is given by [59] 

6H{Ren)Q'^ = 6RenAlmn{Ren). (B.2) 

One finds then that Imf^ = y^aA — waP^ is given in terms of the independent variables 
(x^, va) in Ref2 as 

dH{x^,VA) A dH{x^,VA) 
WA = ^-4 , y = ■ (B.3) 

OX^ OVa 

We would however like to find a different description, where Ga = "Va + iwA are the 
dependent variables given in terms of the independent Z"^ = x"^ + iy^. Let us therefore 
define the following Legendre transform 

^(ReZ^, ImZ^) = -i7(ReZ^, Re^A(Re^^, ImZ^)) + ImZ^Re^A(Re^^, ImZ^) , 

(B.4) 

where, as usual, Re^^(ReZ'^, ImZ"^) is found by extremizing with respect to Re^^, or 
equivalently by solving the second equation of (IB.Sp for va- Let us remark that this is 
only possible if 



Now Q determines Qa from Z^ as follows: 

Q is still a real function, while what we are looking for is a holomorphic function Q{Z) 
such that 

e. = §f. (B.7) 

However, some calculation shows that, under the condition that (1B.5P is fulfilled, ^ is a 
suitable candidate to be the imaginary part of Q, i.e. it satisfies Laplace's equation, which 



^^To be completely precise, the Hitchin function and Iraft are only determined in terms of Ref2 up 
to a sign choice. The other choice of sign corresponds to plugging H —H, IniZ^ — ImZ"*, 
GiReZ'^JmZ^) -g{ReZ^,-lmZ^) and g{Z) -J> g{Z)\z^z in the following equations. 
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follows from the integrability of the Cauchy-Riemann equations, and using these Cauchy- 
Riemann equations (]B.7I) implies ( ]B.6I) . We can then calculate the full holomorphic Q 
from lmQ{IieZ^,lmZ^) using a formula from |87j . 

^(^)-^ = 2zlm^(^^,^^), (B.8) 

which we can evaluate for a — i- 0. Ultimately, f lB.5|) becomes the condition for the existence 
of a holomorphic prepotential in the chosen symplectic basis. 



C Details on the dimensional reduction 

In this appendix we provide the details of the dimensional reduction of the IID super- 
gravity action (13.11) on our SU(3)-structure 7D manifolds. In section IC.ll we reduce the 
IID Einstein-Hilbert term, while in section [C.2I we turn to the form sector. 



C.l The Einstein-Hilbert term 
The higher-dimensional Ricci scalar 

We start by deriving a formula for the higher- dimensional Ricci scalar. The reduction 
ansatz is more general than in the rest of the paper, so the expression provided here can 
also be useful in different setups. 

Suppose we have a compactification from d+D to d dimensions with a certain canonical 
internal metric go, which has L Killing vectors k/^ (A = 1,...,L). Let us associate a 
vielbein e" to the canonical metric and suppose we can choose it such that the Killing 
vectors are constant in flat coordinates dmk'^A = 0. For a coset manifold left-invariant 
vectors will indeed give rise to such Killing vectors [88], but the result is not restricted to 
these manifolds. It was used for instance for generic tri-Sasakian manifolds in [13]. We 
take the following reduction ansatz for the metric: 

ds^ = e^^dsl + ga,p{x) (e" + klA^{x)) {e^ + k^A^{x)) , (C.l) 

where ds'^ indicates an arbitrary metric in the d dimensions, and gajsix), A^{x) are re- 
spectively scalar and vector fields in d dimensions. Furthermore, we choose in order to 
obtain the Einstein frame in d dimensions, 

1 , det^ 
2(a — 2) detgo 

A long calculation leads to the following total Ricci scalar: 



4 

2e-^'^V''d^^ -{d- 2)e-^^d^ipd^'ip , (C.3) 



R = e-^'^Rd + Rd- ^e-'^{kA ■ kj,)F;^,F^^'' - -e-^'^D^g^^D'^g^sg'^'g^' 
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where Rd and Rd are the external and internal Ricci scalar (with the latter being calculated 
as if gai3 were constant and = 0), and the dimensional indices fi, v indices are raised 
using the metric in ds\. 

Here, the covariant derivative and the field strengths are given by: 

1 (C.4) 

i^^ = dA"^ - -f\nA^ A , where [k^, kj,] = fj,j,kn • 

Here a;"/? are the spin connection one- forms associated to the coframe e°. Note that the 
covariant derivative reduces to the ordinary derivative if k\ is a Killing vector of the full 
metric gap (as opposed to only of the canonical metric). 

In this paper we have d = 4, D = 7, and there is only one Killing vector, k. This is 
the dual of the one-form 9, and is related to the defining vector of the SU(3)-structure X 
as k = e^X. Our canonical metric has volume form — A 6, so for the Weyl factor (f we 
find 

e^- = = , = e^y)C-^ . (C.5) 

^det 5f(D) ^JAJAJAr] 

Then the metric ansatz (IC.ip reduces to the one given in the main text in (13. 2p . We will 



look at calculating the different parts of expression (IC.SP next. 
The internal Ricci scalar 

One of the ingredients in the expression ( 1C.3I) is the internal Ricci scalar R^, which we 
would like to express in terms of SU(3) torsion classes, and ultimately in terms of 4D 
scalar fields and geometric fiuxes. Taking our cue from [89] we will make use of the fact 
that the 7D Ricci scalar has already been calculated in terms of G2 torsion classes ^90j and 
there exists a one-parameter family of G2-structures containing our SU(3)-structure (and 
thus leading to the same metric), given by (lA.lOp . In terms of the G2 torsion classes, the 
Ricci scalar is given by [90] : 

91 1 1 

R, = -12 *7 d*rn + -rl + 30(ri)^ - -{r^f - -{r,f . (C.6) 



Plugging the relation (1A.20P between G2- and SU(3)-structure classes into the above ex- 
pression, we find 

i?7 = -AT]jd{ReE) + —\Wi\^--R^-—{ReEf + QR{\mE) 

1 1 ^ 1 S ^ 1 (G-^) 

In order to simplify the expression, we used the following quadratic constraints on the 
torsion classes: 

6 WiR - Ti ■ W^2 = , , ^ 

_ C.8 
6 7]jdWi - 2WiE + AWiE + 1^2 ■ T2 - i5 ■ W3 = , 
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which can be obtained by acting with an exterior derivative on (12. 3 p and imposing con- 
sistency. Note furthermore that the above expression for the Ricci scalar is manifestly 
invariant under the U(l) rotation induced by shifting a in (1A.19P (as it should be since 
the metric is also invariant). 

To reexpress (IC.7P in terms of the geometric fluxes, it turns out to be convenient to 
first rewrite it as 

"1 i - 1 ' 

Rrj = *7 -{rjjdJ) A {rjAdJ) A J + -{rjjdQ) A (r^jrffi) + - dr] A dr] A J 

4 2 J ^^g^ 

- i|dfi|„=or - \\dJU=o\'^ - HReEf - 2(lmEf + QRlmE - ^i?^ + i%\w^\^. 

Plugging in the expressions for the scalar torsion classes (I2.22p and further working out 
the derivatives on J and VL in terms of geometric fluxes by using the expansions in section 
12. 2[ we obtain in the end the expression given in flC.23p below. 

The kinetic terms 



The kinetic terms in the effective action come from the third to last term in eq. ( IC.SP 
(with the proper prefactor ^e^*^). Recalling that in the metric ansatz (13. 2p we have just 
one vector, k, and that the 4D gauge vector is called A^, from the third term we find 
immediately the gauge kinetic term 

- \e-'^{k^ ■ kj:)F;:^F^^'' = --^lC{dA'),,{dA'rr (CIO) 

Next we will study the 4D kinetic terms for the scalars from the internal metric by 
working out the fourth term in (1C.3p . 

-^D^^?,^D%5^?"V', (c.ii) 

in terms of J, VL and rj. Let us first construct the action of the covariant derivative on 
these forms, starting from its action ( 1C.4P on the metric. Again setting the vector SU(3) 
torsion classes to zero, we obtain from (12. 3p 



(C.12) 



Plugging in eqs. (12. 6 p and (I2.18p . the Lie derivatives of the forms can be computed in 
terms of the metric moduli and of the geometric fluxes, and we find the expressions for 
Df', DZ^, DGa given in the main text in eq. (I3.16p . Note that the transformation of Z, 
which A° gauges, 

5Vl = -e^ {En + S) , (C.13) 













D,J = 




{i^kJ)Al 


= d^J- 


(fRe^J + Ts) 


D^n = 






= d^n- 


■e^ {EQ + S)A^^. 
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is a proper complex deformation since S* is a (2,l)-form. This implies that the functional 
form of the Qa{Z) does not change. 

The treatment of (IC.lip is standard, see e.g. [00] • Although [00] considered Calabi-Yau 
manifolds, their analysis of the kinetic terms fIC.lip should also apply to our case, since it 
does not depend on internal exterior derivatives. However, our formulae are going to work 
even without integrating on the compact manifold; this guarantees that the reduction goes 
through not only at the level of the action, but also at the level of the equations of motion. 
Working out the kinetic terms we find 

- \d,Vd^V - h:i{D^g\,^,)g-\D^^g)^,^,)g-^ - h:i{D^g\,^,^g-\D^g\,^,^g-' . (C.14) 

Here (-D'^5')(2,o)+(2,o) is associated to the deformations of fl, while (D^g) (^i^i) is associated 
to the deformation of J. 

Let us start with the deformations of Q. Following [60] we define the (2,l)-forms Xa as 



One can then show, analogously to [60], that 



and finally 



K^l + Xa- (C.15) 



(^M^)(0,2)a/3 = \xaa'f5^l3^^D^z'' , (C.16) 



- h:i{D,g\^,,)g-\D^g\,,2)9-' = -^Xa ■ XlD.z^D^t = -g^^D.z'^ D^z' , (C.17) 
where g^i is the special Kahler metric associated to the Kahler potential Kq defined in 

Turning to the (l,l)-part we find: 

- iTr(D^^?)(i,i)(7-^p^(?)(i,i)^?-' = -\d,J ■ D^J = -i *7 (D.J A *jD'^J) 

= -h.Vd^V + ^d^VD^lC - g,,D^vWv\ (C.18) 

where to write the last line we used the expansion of J introduced in (12. 6 p and the defi- 
nition ( I2.26P of the metric gij. 

Eventually for the scalar kinetic terms we arrive at 

Ig'^^g'^'D^g^^D'^g.s + d.^fd^^f = 9^0 dy + g,,D,vW>^v^ + g^^D^z'^D'^z' , (C.19) 

o 

where we introduced the 4D dilaton 

e^<t> := e^^lC-' = 6^^+^. (C.20) 
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The 4D action 

Using tlie above results, tlie IID Einstein-Hilbert term reduces to tlie following 4D action: 



+ d(j) /\ *d(f) — Vgco * 1 j , 

where = k^i J {—uj^AO), and the Hodge star is with respect to the 4D metric dsl- The 
contribution from the IID Einstein-Hilbert term to the 4D scalar potential, V^eo, follows 
from the internal Ricci scalar as 

l^geo = -^e2^/C-ii?7, (C.22) 

and is found to be 

o 

+ 4e^+^"+2<^((?*^' - Av'v^) [Q.^CZ] (Q/CZ) 

(C.23) 

C.2 The form sector 

In this section we describe the reduction of the kinetic and Chern-Simons terms of the 
IID supergravity three- form. This is done by plugging the expansions fl3.3p - fl3.6p in the 
IID action (13. ip . We also checked the result by reducing the IID equations of motion and 
reconstructing the corresponding 4D action. 

By evaluating the exterior derivative of the IID three-form ^3, expanded as in (13. 3p . 
we find that the field strength (13.51) . (13.61) is 

= dAs + " = H^ + dB A{e + A°) + W^Auji + DU A A + 

+ D^^ A OA- A + Xi(^' (C.24) 

+ [{h'Qi + uo^«A - {h'Qi + ^{e + a") , 

where we introduced the following combinations of 4D fields and charges: 

Hi = dC3 + BA rfv4° , 

H'^ = -dA' + A^ A A^ q/ + m'B + UdA^ , (C.25) 

together with = ReX-'^ = (!,&*), and with the scalar derivatives given in (I3.18p . As 
already mentioned in the main text, we dualize the three-form C3 to a constant cq, following 
e.g. [10]; this leads to 

= JC-^e^'^ {b^Si + \lCijkm}Vb^) *1 , (C.26) 
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(C.30) 



(C.31) 



where we introduced the combination 

8i = ei + Q]Ci - i5? i^CUi . (C.27) 
In the end we obtain the 4D action 

Sg, = \ ![ C^r., G, + Aop - ^G4 * 1 ] , (C.28) 

where the kinetic plus instanton contributions are 

+ \e-^^dB A *dB - JCgijH'^ A *Hi + gijDb' A *DV - ^e'^'^'iD^'^ A *(CMDO, 

(C.29) 

while the other topological terms read 

Aop =-\dBA [{2ej + QjC^) A' - fCD^] 

+ \ qllCjkiA' A A^ A {dA^ - m'^B) - \eim'B A B , 

and the scalar potential is 

Vg, = - I e^'^IC-\b'Qj + e^U^)CM(6^Qj + U^) 

We can now recast some of the above expressions in a form that is suitable for matching 
the N = 2 supergravity formalism. In terms of the field strengths defined in (I3.14p . we 
have 

H'^ = -F' + b'F'^ . (C.32) 
Using this, one can rewrite the gauge kinetic and topological terms in (1C.29I) as 

-\K,jkb'HiAHl^ + \Kijkb'V AdA"^ - ^K.jkb'Vh'^dA'^ AdA"^ = \ReJ\fijF^ AF^ (C.33) 

and 

- ICgijHi A *H{ = \lmMijF^ A *F^ + i/CF° A *F° , (C.34) 

where the gauge kinetic matrix A/}j is precisely the special Kahler geometry period matrix 
( I2.33P obtained from the prepotential fl2.3ip . Using the same matrix, and recalling f l2.30p 
as well as the last in (IC.25p . we can also rewrite Vg^ in (IC.3ip as 

Vg,= - 2 e^+'*(6'Qf + i^\]^)€M{h-^Qj + UO 

Note that this is positive-definite, because both ImA^ and CM are negative-definite. 

After these reformulations are implemented, and the contribution ( IC.2ip from the IID 
Einstein-Hilbert term derived above is added, the 4D action takes exactly the form given 
in section I 
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D Matching the N = 2 scalar potential 

In this section, we show that the scalar potential determined by the N = 2 gauging de- 
scribed in section Hlmatches the expression (13.211) obtained from the dimensional reduction. 

The general form of the scalar potential in 4D N = 2 gauged supergravity for an 
electric-magnetic gauging of the type (14.71) is [66l [69l l67j : 

V = 2 ie^gu k'} k^jX^X^ + 4 e^hu^k^'k'' 

^ , (D.l) 

- [lilmXy^^-^ + Ae^X^X^] {Vf - MikV^^Wj - 1^jlV"^)\ , 

where we used the symplectic invariant combination fc" = X^k^ — J-'jk^'^, and the overall 
factor of 2 is due to the fact that our Killing vectors and Killing prepotentials are rescaled 
by a factor of ^/2 with respect to the ones in e.g. [66], see footnote [TOl 

We now plug in the N = 2 data found in section |H With no extra effort, we can perform 
the computation by allowing for an arbitrary flux charge m°, so that = {mP, m'). This 
vanishes in IID supergravity, while it corresponds to the Romans mass in type IIA. 

We find that the contribution from the vector multiplet gauging is 

2e''g,ik''jk^X'X'' = Se"" g,jv''qk'v'qi\ (D.2) 

while for the hypermultiplet gauging we get from the first line of (ID.ip 

8 e^K^k^'k" = 8 e^g^ik^F - 2 e^+2<^ [X^Q] + ^^U^) CM {QjX^ + U^) 

+ 2 e^+^'^ \X'ei + X'Q]Ci - Tm' - iC^CUef , (D.3) 

where gask'^k'' still needs to be evaluated. By expressing g^i in terms of the derivatives of 
the Kahler potential Kq = — \og[i{Z^QA — Z^Qa)], and identifying that z"' = Z^'/Z^, one 
derives the following relation: 

gabSz^Sz'' = e^" (im^^B + 2e^"Im^Ac^^Im^BD^^) SZ^5Z^ . (D.4) 

For a variation as in (14.111) . recalling the consistency condition (I3.17p . we obtain then 

gabk^k'' = ie'^'^ZVCUZ + e^^" (Z^CUZ)^ (D.5) 

Finally, (2 times) the second line of (ID.ip gives the expression 



' (D.6) 

- 2 6^+^"^ \X^ei + X^Q^Ci - Tm^ - \ e^CU^I 
+ 4e^+^"+2^(m*/Ci - m°6*/C,)(Z^CUZ) , 
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with £i as in (13. 22 p . and where in evaluating the x = 1,2 contribution (yielding the first 
line in (ID. 61) ) it was useful to notice that for cubic prepotentials one has 

\{\uiJ\fY^^-^ + 2e^{X^X-^ + X^X-^) = -5i5^ie^{g^^ -Av^v^). (D.7) 

Adding everything up, and setting mP = 0, we obtain precisely the expression for V in 

E The cosets 

Here we would like to collect several details about the construction of the left-invariant 
forms of the compact homogeneous spaces that we consider in this paper. For each coset, 
we also construct the corresponding LI SU(3)-structure and its associated metric. Al- 
though some of this data have already appeared in the literature, we present here a self- 
contained summary. 

Recall that, a global, left (say) action of the group G is defined on a homogeneous 
manifold G/H = {gH : g G G}. This generates motions on the manifold along which a 
frame is rotated. Tensors that are invariant under this action are called left-invariant (LI) 
tensors. These are globally-defined, and have the property that their value at any point 
is determined by the value they take at the origin of the group. Given a D- dimensional 
homogeneous space, one can then study which G-structures can be constructed using LI 
forms. This is determined by the embedding of H in SO{D). In this section, we are going 
to study 7D homogeneous spaces which admit left-invariant SU(3)-structures. Within our 
assumptions, these are the spaces collected in table [U 

We start by briefly reviewing the notion of left-invariance on coset manifolds G/H (for 
more details see e.g. [91]). On a patch with coordinates y, take a coset representative L{y). 
Let {Ha} be a basis of generators of the algebra of H, and {K-a} a basis of the complement 
of that algebra in the algebra of G. The decomposition of the Lie-algebra valued one-form 

L~^dL = e'^JC^ + oo'^Ha, (E.l) 

defines a local coframe e°'{y) on G/H. Furthermore, in terms of the structure constants / 
of G one has 

de'' = -^r^y A - /^^u;'^ A . (E.2) 
One can show that a p-form (p is left-invariant if and only if it can be written as 

= ^0ai...a,e"^ A ■ ■ ■ A e"^ (E.3) 
pi 

with the components 4>ai...ap being independent of y, and satisfying 

f^a[a,(i)a,...a,]lS = . (E.4) 



47 



The left-invariance property is preserved by the exterior derivative. One can also show 
that harmonic forms must be left- invariant and thus the cohomology of the coset manifold 
is isomorphic to the cohomology of left-invariant forms. The left-invariance condition for 
a metric on the coset is similar, namely it must be of the form 

dsh/H = 9a(3 e"e^ , (E.5) 
with Qais being independent of y, and satisfying 

Paia 9/3)^ = 0. (E.6) 

We will now use this technology to determine the LI forms on each coset of table [H 



E.l 5^ = SU(4)/SU(3) 



We start by introducing a basis for the fifteen generators of SU(4) in the fundamental 
representation: 



1, . . . , 7, Tj+a 
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(E.7) 



(E.8) 



The generators that exponentiate into the coset and the generators oi H = SU{3) are 
taken to be respectively 



{/CJ = {Ti,...,Tr} 



a 



7, {HJ = {T8 



a 



,8. (E.9) 



We can now use this representation to find the structure constants of SU(4), and scan 
for all possible LI forms using eq. flE.4p . We then use them to construct the following set 
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of expansion forms, which introducing the vector k dual to 6 can be seen to satisfy the 
algebraic restrictions fl2.7p -( |2y9l) 



uj, = i (ei2 + + e56) , Co' = ± (e^^se + e^^se + ^1234^, ^ ~o = __^ei23456 ^ (E.IO) 

= _^ (el35 _ el46 _ g236 _ ^245) ^ /3° = (c^^^ _ ^136 _ ^145 _ ^235) 

Furthermore they satisfy eq. fl2.13p with 

/Cm = 6. (E.ll) 

Further, using (lE.2p . these forms can be further checked to close into the following exterior 
algebra: 

de = 2uj, duji = du' = du° = 0, dao = -A9 Ai3^, = 4^ A ao , (E.12) 

from which we immediately read off the geometric fluxes of tables [3] and HI 

We can now use these forms to expand the SU(3)-structure on SU(4)/SU(3) as 



V 



e^e , J = e^^'u, Q = 2e^^'{ao + i(3^) , (E.13) 



where Ui, V are two arbitrary constants, that become scalars in the effective theory. In or- 
der to make contact with the main text notation, these may be alternatively reparametrized 
in terms of two other scalars Mi, as 

Ui = U, + lV , 4> = -3f/i . (E.14) 

The scalar corresponds to the 4D dilaton, eq. (13.201) . while, in the notation of eq. (12.61) . 
^1 ^ g2ui jjgg vector multiplet. Note that, in this and all models with uh = 1, only 
the overall scale of Q can change, which leads to a trivial moduli space of almost complex 
structures. Moreover, we fix the scale of fl through the normalization below (12. ip . Finally, 
the torsion classes of the SU(3)-structure flE.13p can be calculated. In the notation of (12. 3p . 
the only active classes in this model are the scalars R and E. We omit the details here: 
see eq. (1E.35P for Q'^' from where these can be easily deduced. 

Finally, the LI metric on SU(4)/SU(3) associated to the SU(3)-structure (]E.13P reads 

rfs? = ie^^i [{e^y + {e'y + {e')' + {e^ + {e')' + (e^)^] + e^^^l (E.15) 

For Ui = V = this metric is SE7, canonically normalized such that Rmn = Qdmn- We 
omit the details here, and refer to section IE. 31 for a similar derivation. 

Finally, as already noted in [13], the truncation associated to SU(4)/SU(3) is identical 
to the universal SE7 truncation of 0. The scalars Ui, V are related to the breathing and 
squashing modes of [26l [5] . Here they are clearly seen to independently rescale the fiber 
and the base Bq = CP^ of S'^ = SU(4)/SU(3). The truncation does not depend on the 
details of CP^ which can be thus be replaced by any Kahler-Einstein six-fold, leading to 
the universal SE7 truncation. 
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E.2 M 



no 



Mf«o is the coset G/H with G = SU(3) x SU(2) and H = SU(2) x U(l), with SU(2) 
embedded into SU(3) as the isospin subgroup, and p, q determining the embedding of the 
Cartan subgroup U(l)^ of H into G. We can make this more precise by introducing the 
eleven generators of G in terms of Gell-Mann and Pauh matrices in the following block 
diagonal form, where the first block in the diagonal is 3-by-3 and the second 2-by-2: 

We take the seven generators that exponentiate into the coset M^'^" as 

{/C4 = {T4, T5, Te, Tr, Tg, Tio, = -j=L= (pV?>Ts + gTn) , a = 1, . . . , 7, (E.17) 

while those defining H = SU{2) x [/(I) as 

{?/J = {Ti, T2, T3, Z2 = ^=i=^(-gT8+pv^rn)}, a = l,...,4. (E.18) 

We can now determine the LI forms supported by this coset, proceeding as in the 
SU(4)/SU(3) case explained previously. For generic p,q, these are 

n — 3p+q J , , _ 3p(3p+g) (12 , „34\ , , _ <?(3p+g) ^56 



4^/3^^ ' ' ~ 16(3p2+g2) V- ' - ; ) - 8(3p2+<?2) 



e 



~1 _ 3pg(3p+g)-' / 1256 , „3456\ ~2 _ _9p^(3p+£)f^„1234 ~0 _ 9p2g(3p+g)'^ ^123456 i q\ 

yd +e J ,a; - 28(3^2 +a2)2^ - 2ii(3p2+„2')3e , i^rv.iyj 



28(3p2+g2)2 ' y — 28(3p2+g2)2 ,^ — 2ii(3p2+g2) 



where the numerical coefficients have been chosen for convenience. Further, for p = q, 
there are two LI three- forms ao, /S": 

ao = '-g {e''' - e''' - e^^e - e^^') , /3' = {e'^' - e'^' - e'^' - e^^s) . (E.20) 

We see therefore that for p ^ q the space M^'^^ does not support LI three-forms and 
thus no LI SU(3)-structure. We thus set p = g and, within this class, focus without 
loss of generality on M^^°, which does admit a LI SU(3)-structure. We find then the 
relation fl2.13p with the only non-vanishing coefficient (up to symmetric permutations of 
the indices) 

/Cii2 = 2, (E.21) 

and the following exterior algebra: 

dO = 2 {uji + UJ2) , duji = du2 = 0, doj^ = duP' = 0, du'^ = 0, 

dao = -Ad A d(5^ = Ad ^ ao, ^^'^^^ 

leading to the corresponding entries in tables [3] and HI 
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For the LI SU(3)-structure, we take the following expansion 

r] = e^e , J = e^^^ui + e^^^c^s , = 2 e^^'^"^' (ao + , (E.23) 

where Ui, U2, V become scalar fields in the effective theory. Another useful parametrization 
is in terms of the scalars that enter definite supermultiplets, ui, U2, 0, 

ui = Ui + lV, U2 = U2 + \V , 0=-2f/i-f/2, (E.24) 

so that = e^"% i = 1,2 = ny, and is the 4D dilaton. At a generic point {Ui, U2, V) 
in LI moduli space, the only active classes of the SU(3)-structure ( IE. 231) are R, E and Ti. 
We omit the details here, and refer again to Q^^^, which we discuss in the next section. 
This SU(3)-structure leads to the metric 



rfs? = ^e^^i [{e'Y + {e^ + {e^f + {e^] + fe^^^ [(e^)^ + {e^] + e^^^O^ (E.25) 

It can be verified that Ui = U2 = V = Q is the canonically normalized SE7 point: see next 
section for details on the similar Q^^^ case. 

Finally, observe that the effect of the three scalars Ui,U2-,V in the metric is to inde- 
pendently rescale the fiber and the factors CP^ x CP^ in the base. By similar arguments 
as in the previous subsection, CP^ can be replaced by any compact, 4D Kahler-Einstein 
manifold, leading to exactly the same truncation as M^^^ . The only other regular, compact 
Kahler-Einstein four-folds are del Pezzo surfaces. 



E.3 Q 
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Q'P'^^ is the coset G/H with G = SU(2)'^ and H = U(l)^, and p,q,r describing the em- 
bedding of H into G. Using Pauli matrices cr*, i = 1,2,3, we write the nine generators of 
G = SU(2)^ in the fundamental in the following block diagonal form: 





3+i — -- u o u , le+i 




The seven generators that exponentiate into the coset are 



while the generators of if = U(l) are taken to be 

{n^} = {Z2^^^iqn-pn), 



(E.26) 



{/C„} = {Ti, T2, T4, T5, T7, Tg, Zx = , „ \ , (pTa + qTe + rTg)}, a = 1, . . . , 7, 



(E.27) 



(E.28) 
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For generic p,q,r, Q^''^ has the following LI forms: 

n — _ V3„7 ~0 _ 3^3 pgr 123456 

C — 4 ' — -25- (p2_,.g2+^2)3/2C 

^ 8 ^p2+q2+^2 ' ^ 8 ^p2+g2+^2 ' J 8 ^p2+g2+^2 I^J^.z.^; 

r,l = 3 gr 3456 ~2 ^ 3 pr 1256 ~3 ^ 3 pg ^1234 
^ — 64p2+g2+r.2t^ ' ^ — 64p2+g2+r2^ 5 — 64 p24.q2+r2 

where the numerical coefficients have been chosen for convenience. Further, for p = q = r, 
there are two LI three-forms oq, P^'- 

a, = ^ (ei35 _ ei46 _ g^se _ e245^ ^ = (e^^^ - e^^^ _ e^^s _ g^ss) . (E.30) 

Just like M^''°, the space Q^'^^ can only have a LI SU(3)-structure if p = g = r, which we 
thus fix henceforth. The invariant forms ( 1E.29I) . (IE. 301) can be seen to satisfy the algebraic 
constraints fl2.7p -( |2l9l) . and the relation f l2.13p with 

/Ci23 = 1 (E.31) 

as the only non- vanishing coefficient (up to symmetric permutations of the indices). Fur- 
thermore we find the following exterior algebra: 



(E.32) 



dO = 2 (coi + U2 + UJ3) , dcoi = duj2 = dcus = 0, dco^ = duP' = dco^ = 0, 
du° = 0, dao = -AO A d(3^ = AO ^ ao, 

from which the geometric fiuxes are read off. 

The coset Q^^^ supports the following LI SU(3)-structure: 

r, = e^e , J = e^^'uji + e^^^ws + e'^^c^s , ^ = 2e^^+^^+^^(«o + ^/3°) , (E.33) 

where the Ui, U2, U3, V become scalar fields in the 4D theory. The alternative parametriza- 
tion 

Ui = Ui + ^V, U2 = U2 + \V, M3 = [/3 + iV, = _ f/2 _ f/3 . (E.34) 

is useful to make contact with supermultiplets: here we have = e^"% i = 1,2,3 = ny, 
and the effective 4D dilaton. For this coset we will provide some explicit details on the 
intrinsic torsion. The only non-vanishing torsion classes of the SU(3)-structure (IE. 331) are 



(2 - e2^^-2^2 _ e2C/i-2t/3) uj,+ {2- e''^^-^''^^ - e^^^-^^'^) uj2 ^^"^^^ 
+ (2_e-2^^+2C/3_g-2i/2+2C/3)^l ^ 

in agreement with (12.221) . 



Ti = - e 
3 
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The LI metric on Q^^^ corresponding to the above LI SU(3)-structure is 

The effect of the scalars in the metric flE.36P is to independently rescale the fiber and the 
three CP^ factors in the base. Also, we will present the Ricci tensor corresponding to the 
metric f lE.36p . Although we have not specified the general expression of the Ricci tensor 



in terms of the torsion classes in fl2.3p . we can nevertheless compute it by means of coset 
technology. We find the following non-vanishing components for the Ricci tensor, 

Rn = R22 = I - le-^""', i?33 = i?44 = l-ie-''''' i?55 = i?66 = 1 - K'""' ' 

i?,, = |e4V(e-2f/i+e-2C/.^g-2C/3) _ ^ ■ > 

Note that, at the point Ui = U2 = = V = 0, the metric becomes Einstein with 
canonical normalization, Rmn = Qg-mn, and the torsion classes (1E.35P become SE7, as given 
in (12:^1) . 

Finally, note that the metric, the Ricci tensor and the torsion classes for M^^^ and 
SU(4)/SU(3) can be recovered from the Q^^^ ones by setting f/3 = Ui, and U3 = Ui = U2, 
respectively. 

E.4 ^5,2 

The Stiefel manifold ¥5^2 is the coset G/H with G = S0(5) and H = S0(3) canonically 
embedded into SO (5), i.e. the embedding is such that 5— 7'4 + l— t-S + I + I under 
S0(5) D S0(4) D S0(3). The generators Mij = —Mji, i, j = 1, . . . , 5, in the fundamental 
of S0(5) can be taken to be (Mij)'"^ = 25^Sj]n, with 

{/C J = {Mm, Mi5, M24, M25, M34, M35, M45} , a = 1, . . . , 7, (E.38) 

exponentiating into the coset, while 

J = {M12, Mi3, M23} , a = 1, 2, 3, (E.39) 

define H = SO (3). 

We find the following LI forms for ¥5^2'- 



3v/3_„135 nO _ 3v^ ^246 



27^123456 



(E.40) 



«i - 1*2 + + ' - + + n • 

They satisfy the algebraic constraints f l2.7p -( l2l9l) . and the relation (12.131) with 

/Cm = 6. (E.41) 
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Furthermore, they close into the following exterior algebra 



d9 = 2u), duji = 0, 
dao = -^e Aai, = -^e A /3\ 



dCo^ = 0, 



duj'' = 0, 



(E.42) 



dai = ^9 Aao-p A (3\ 



from which we can read off the geometric fluxes presented in the tables [3] and HI 

For this model uh = 2 so that the moduli space of almost complex deformations is non- 
trivial. Using the algorithm of appendix [B] one straightforwardly finds the prepotential 
associated to the basis of (a, /3)-forms of ( 1E.42I) : 



1\3 



1 jz') 

3V3 



(E.43) 



It is well-known that the c-map for this prepotential leads to the quaternionic-Kahler 
manifold 



G. 



2(2) 



SO(4)- 



We can now parameterize the LI SU(3)-structure as follows: 



where we introduced the 4D scalar fields V,Ui and 



z 



X + ^e 



-2ip 



As an alternative to the first two fields it is sometimes useful to introduce 

Ui = Ui + W , (f) = -3f/i , 



(E.44) 



(E.45) 



(E.46) 



where = e^"^ and (p is the 4D dilaton. The LI metric associated to this SU(3)-structure 
takes the following block-form in the e"-basis: 



1 
























































^e^ 
2^ 


I 



with L 







(E.47) 



The non- vanishing torsion classes of the SU(3)-structure flE.441) . in terms of the pa- 
rameters (?7i, z = x + ie~'^'^, V) and the LI forms flE.40p are: 



i?=2e-2^i+^ 



E = -4e" 



[l + \z\ 



z - z 



S 



^Wi+3ip-V 



[ {4z - e^E) «o + 75 (4(2^2 - 1) - Sze^E) ai 
+ z^{4 + ze^E) /3° + (4 ^2 _ 8 - 3ze^ E) . 



(E.48) 
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For Ui = ip = x = V = 0, these become SE7 torsion classes, as given in (12 ■4p . and the 
metric accordingly becomes Einstein, with canonical normalization Rmn = Q Qmn- 

Finally, we remark that we find the Sasaki-Einstein truncation of section IE. II as a 
subtruncation by keeping only the following linear combinations of the three-forms: 

{a'o, = (ao - V3f3\ /3° + VSai) , (E.49) 

which amounts to putting z = i 01 x = f = ^- 



E.5 57 = Sp(2)/Sp(l) 

The seven-sphere considered as the coset space Sp(2)/Sp(l) actually supports a tri-Sasakian 
structure. The reduced theory is equivalent to the 4D, N = 4 supergravity obtained from 
the universal truncation on any tri-Sasaki space [131 SS] • In liiie with our present N = 2 
interest, here we will determine the largest N = 2 truncation of the universal = 4 
theory. It will turn out that we can find a set of expansion forms obeying the constraints 
of section [2] by imposing invariance under a certain discrete symmetry group on the ex- 
pansion forms of the = 4 reduction. Just like the tri-Sasakian reduction this N = 2 
reduction will be valid for a generic tri-Sasakian manifold. 

As in section IE.4t we take the generators Mjj = —Mji, j = 1, . . . , 5 of sp(2) ^ so(5) 
to be {Mij)"^n = 25[f5j]„. Introducing the following sp(l) + sp(l) generators Ji, J2, J3, 
Li, L2, L3, 

Jl = \ (M23 + Mm) , J2 = |(-Mi3 + M24) , J3 = I (M12 + M34) , 

Li = i(M23-Mi4), L2 = i(-Mi3-M24), L3 = |(Mi2-M34), (E.50) 

the generators that define the coset are then 

{/C,} = {Mi5, M25, M35, M45, Jl, J2, J3} , « = 1, . . . , 7, (E.51) 

while 



{HJ = {Li, L2, L3} , a = 1,2, 3. (E.52) 



define H = Sp(l). 
The LI forms are 



V2 ' V2 ' V2 - ' fE 53) 

U'} = iii-e'' + e''), \{e'' + e^^), \{e'' + e^^)} , / = 1, 2, 3 , 

and wedge product thereof. These form a LI tri-Sasakian structure, and an expansion in 
these forms leads to the A^ = 4 theory of [13J. We will now construct the largest subset of 
forms, which obeys the constraints of section [21 and thus leads to an A^ = 2 theory. We 
start by choosing a direction and singling out 9 = 7f (choosing any other direction leads 



55 



to an equivalent theory) . It turns out that we can find the rest of the expansion forms by 
imposing a discrete Z2-symmetry, which reads in the e"-basis 

e^^e\ e2^e^ ^ -e\ ^ -e^ e> ^ -e\ ^ ^ e\ 

(E.54) 

It follows that the subtruncation based on the surviving expansion forms is consistent. In 
fact, this discrete symmetry can be expressed entirely in terms of the tri-Sasakian structure 
as follows 

r/^ ^ -if, rf rf , -j\ ^ -J^, J^, (E.55) 

which implies it can be imposed for a generic tri-Sasakian manifold. 
In the end we take the following set of expansion forms 



1 ^123456 



(E.56) 

which obey the algebraic constraints fl2.7p - f|2.9l) (with uh = ny = 2) and fl2.13p with the 
only non-vanishing coefficient (up to permutations of the indices) 

/Cii2 = 2 . (E.57) 

Furthermore, they close into the differential algebra 

dO = 2(loi + L02), duoi = — 4ai, duj2 = 4ai, dCo' = dCo'^ = , dCo' = 0, 
dao = -AO A /3° , = AO A ao, dai = 0, d/S' = 4(^1 -Co'), 

from which as usual we read off the geometric fluxes. 

Since uh = 2 the moduli space of almost complex structure is non-trivial. Using the 
algorithm of appendix [B] we flnd the prepotential 

g = -'- {{Zy - (Zr) . (E.59) 



According to the results of [73], the resulting special quaternionic Kahler manifold is 
SO(4,2)/(SO(4) xS0(2)). 

We can now parameterize the LI SU(3)-structure as follows: 

V = e''e, J = e'^^co, + ee''^^^^co2, 
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where we introduced a sign e = ±1, the 4D scalar fields V,Ui,Vi + V2 and the almost 
complex structure modulus 

z = x + iee'^, (EM) 

with (f = V2 — Vi. The choice of e corresponds to two different branches of the N = 2 
model, as we explain in more detail in section 15.31 As an alternative to these fields it is 
sometimes useful to introduce 

u, = U, + lV, U2 = l{V, + V2 + V), 
(P=-2Ui-liVi + V2) , ^ = V2-Vi. 

where = e^"% i = 1,2 and (p is the 4D dilaton. 

The LI metric associated to this SU(3)-structure is given by: 

ds', = I {{e'f + {e'f + {e'f + (e'f) + ie^^^ ((e^)^ + 2xe'e' + {x' + e^^)(e^)^) + e'^'O' . 

(E.63) 

We conclude our description of this coset by explicitly giving some relevant torsion 
classes of the SU(3)-structure (IE. 601) : 

E = ^e-^-^i-^^ (e^^^ + 2e^i+^^ + e^^^ (l + x')) , 
W^ = l{z-i) {-e^'-^^' + ee-^') , (E.64) 

Ti = y [ (1 - ee2^i-^i-^2) ,^^ + 2(1- u^] , 

W2 = liz - z)e^^ [ - (2 + ee^^^-^^-^^) co, + 2 [l + 2ee-2f^^+^^+^^) u^] , 

and we omitted the complicated expressions for W3 and S. 

We find two important points in LI moduli space. The first one is Ui = U2 = Vi = 
V2 = V = X = ^ (the round point), where the metric defined by flE.63P becomes Einstein. 
For e = +1 the torsion classes obey the conditions for a Sasaki-Einstein structure as 
given in (12. 4p . while for e = — 1 they obey the conditions of ( 12. 5p . This means that the 
supersymmetry of the round solution, which is = 3 in the = 4 theory, is broken to 
respectively N = 2 and A^ = 1 for the branches e = ±L 

The other relevant point is e^^^ = e^^^ = e^^ = |e^^^ (the squashed point), which is 
also an Einstein point for the metric defined by (]E.63|) . At this point, and for e = — 1 
only, the classes (IE.64p become as given in ( 12. 5p . thus giving A^ = 1 at this vacuum. In 
the branch with e = 1 the supersymmetry of this vacuum becomes invisible. 



E.6 N{k,l) 

We finally consider the Aloff-Wallach spaces N{k,l) = SU(3)/U(1), introduced in the 
supergravity literature in [92] (where they were called N^'^^). The integers k,l specify the 
embedding of U(l) into SU(3) according to 

e"^ ^ diag(e*'=^ e''' , e-'^''+'^') . (E.65) 
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Accordingly, we chose the coset generators to be 

{/CJ = {^(A4,A5, Ae, Ar, Ai, A2, ^^^^1=^ (^V3{1 + k)\, + {I ~ k)\s))} , (E.66) 
in terms of the Gell-Mann matrices Aa, a = 1, ... ,8, and the generator oi H = U(l) to be 

^1 = WTOITF ((^ - ^)^3 - Vsil + k)Xs) . (E.67) 

The integers k, I are taken relatively prime, which guarantees the space to be simply 
connected. Moreover, from (]E.65P we see that there is a permutation symmetry {k, I) — )■ 
(/, k) and (fc, /) {k, -k-l). 

For generic k, /, we chose the LI forms as follows 

VP + kl + P 7 

— ' 

^ e^^ , cus = e^^ , uj, ^ e'' , ^ e'^'' , (1;^ ^ e^^^^ , ^ 6^234 ^ ^0 ^ ^123456 ^ 

«0 ^ 1 (el35 _ el46 _ e236 _ ^245) ^ ^0^1 (^246 _ ^136 _ ^145 _ ^235) ^ 

(E.68) 

leading to a truncation with ny = 3, ri// = 1. We find furthermore for the tensor ICijk in 

(EH 

/Ci23 = 1 . (E.69) 

These LI forms were also found in [12], but that reference seems to have missed the fact 
that, just like in the case of M^'^^ and Q'P'^^, for certain values of k, I an enhancement in 
the number of LI forms occurs. We find two special cases. For k = I = 1 we find riy = 3, 
riH = 2, while for = — / = 1 we find ny = 5 and uh = 2. We will omit the details for 
A^(l, 1), which leads to an effective theory consisting of the mere addition of a Betti vector 
multiplet to the Sp(2)/Sp(l) model discussed in section [ETsI and instead give some details 
for A^(l, —1). We find then two extra two-forms (and corresponding dual four-forms) 



The LI forms on N{k, I) for generic k, I obey the algebra 

d9 = ^ [I ui + k U2 — {k + I) Us] , dui = duo2 = du^ = ao , 

dao = 0, d(3^ = -u^ - Co^ - Co\ dCo^ = du"^ = dCo^ = , dCo° = , 

giving as usual directly the values for the geometric fluxes. 

For A^(l, —1) the extra forms give rise to the additional exterior algebra 

dco, = —39 Au^ , doo^ = 3 6* A 074 , 
dCo4 = —3 9 A C05 , dCo^ = 39 A 00, ^ 



(E.70) 



(E.71) 



(E.72) 
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leading to g-charges and thus to vector multiplet gauging, according to the general discus- 
sion. In our conventions, the only non-vanishing components for the tensor JCijk in f l2.13p 
for A^(l, —1) are (up to symmetric permutations) 

^123 = 1, ^344 = —2, /C355 = —2. (E.73) 

The space A^(l, —1) supports an SU(3)-structure specified by 

7j = e^e, J = e-^v'ui, Q = 2e^'+^^+^' {ao + ip'^) , (E.74) 

with 

^i = e2^i+^cosht, ^;2^e2^^+^cosht, = 6^''^+'' , 
^4 ^ _^Ui+U2+v gj^j^ ^ ^5 ^ gf/i+c/2+y gjj^i^ ^ pQg 

= -f/i - f/2 - U^. 

The LI metric is then given by 

+ 2e^i+^2 sinht (cosa(e^e^ + e^e^) + sina(eV^ - e^e^)) 

+ e^^^ ((e^)^ + (e'^)2) + e^^^ , (^.76) 

The two (supersymmetric) Einstein metrics supported by any member in the N{k, I) 
family are also found on A^(l, —1), but in this case they become isometric [93J, since they 
are related by an exchange of the values of Ui and U2, which is a symmetry of the coset. 
The supersymmetric Einstein point is located at 

t = 0, e arbitrary (E.77) 

normalized as Rmn = Qg-mn- In addition, we numerically find an Einstein locus with 
t 0. Because of this non-diagonal entry, this solution was missed in the old supergravity 
literature, where only diagonal LI metric deformations associated with rescalings of the 
canonical vielbeins were considered. This Einstein metric is the same as the one found 
in the mathematical literature in [82], and is analogous to the (non-supersymmetric) Ein- 
stein metric on the 5D T^'^ coset space found in [9U [10]. In [82], a search for Einstein 
metrics taking into account the off-diagonal left-invariant modes on A^(l, 1) and A^(l, — 1) 
was performed, with the conclusion that both these manifolds admit exactly two inequiv- 
alent homogeneous Einstein metrics. Hence on N{k, I) there are exactly two inequivalent 
Einstein metrics for any choice of k and /. 
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F Super symmetric spectra 



Here we give the spectrum for each model at all supersymmetric, = 2 or = 1, 
points, and arrange it into representations of Osp(4|A^). The full, untruncated, Kaluza- 
Klein spectrum of IID supergravity on M^^^ and Q^^^ has been given in [95] and [96], 
respectively. We find perfect agreement with those references. Besides the long vector 
multiplet of the universal truncation, the extra modes in these models arrange themselves 
into one and two massless (Betti) vector multiplets, respectively. Similarly, the full ¥5^2 
spectrum has been given in [97]. As noted there, in this case, multiplet shortening can 
occur for multiplets such that A = \R\, where A is the conformal dimension and R the 
R-charge of the lowest component. We do find this shortening occurring, producing two 
chiral multiplets in the spectrum besides the universal long vector multiplet. We find 
a small disagreement with [97] in that our chiral multiplets are, by construction, singlets 
under SO (5), rather than lying on a non-trivial representation. We also present the spectra 
for the N = 2 and = 1 points of the squashed S'' and A^(l, 1) models with, respectively, 
e = +1 and e = — 1 in the notation of appendix IE. 51 Further, we present the (numerical, 
for some states) spectrum for a representative (A; = 2, / = 1), of the generic N{k, I) model, 
for both = 1 points I and II. We conclude with the (again numerical for some states) 
A^(l, —1) spectrum at the only A^ = 1 point. We believe that these N{k, I) and A^(l, —1) 
spectra are new. 

In the tables, we have always chosen the largest root, A_(_, of A(A — 3) = m^L^, where 
L is the radius of AdS. When the smallest root A_ is also needed to fill out a multiplet, we 
have denoted the corresponding entry as (A+, A_). Besides the supersymmetric spectra, 
we also include the non-supersymmetric spectra at the corresponding skew-whiffed points. 
In our conventions, these are attained for Cq > and Cq < 0, respectively. We have also 
included the vector spectrum. To compute the vector masses, we have chosen the frame of 
the action of section 13. 2[ as naturally given by the dimensional reduction. In this frame, 
the two- form B appears as massive (in fact, it acquires the same mass across all models, 
for both the N = 2 and A^ = 1 points). For both vectors and scalars, we have followed 
the mass matrix conventions of The spectrum for SU(4)/SU(3) coincides with the one 
given in that reference. 

Finally, note that some of the subtruncation patterns discussed in section [5] can be 
appreciated from the tables. 
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spin 


mass eigenstate 


mass eigenstate 


w 

mass eigenstate 


T/r ^ 

v5,2 

mass eigenstate 


o7 _ i'pia) 
mass eigenstate 


mass eigenstate 


U(l) 
R-charge 


susy 


skew 


A 


2 
1 


A° 


A° 


A° 


A° 


A° 


AO 










3 
2 






3 
2 


1 


Bi 


B2 


B2 


B2 


B2 


B2 





12 


5 


12 


5 





&Ui + V 


4Ui + 2U2 + V 


2Ui + 2U2 + 2U3 + V 


6U1 + V 


4Ui + Vi + V2 + V3 


2Ui + 2U2 + V1+V2 + V3 





18 


6 


18 


6 





361 


2b^ + 6^ 


fcl + 62 + (,3 




261 + 6^ 


bl + 62 + (,3 





10 


5 


-2 


2 






lo 


e° 

lo 


(" 

lo 


wo ^ IfO , V3? 

li = -^Ci + l|o 


f° 

s, 

lo 


fo 

lo 


2 

-2 


10 
10 


5 
5 


— 2 
-2 


2 
2 





3i7i - iV 


2Ui + U2-3V 


U1 + U2 + U3- 3V 


3Ui ~ 3V 


2Ui - 2V3 


C/i + C/2 - 2V3 





4 


4 


4 


4 


1 












A2 





6 


4 


6 


4 





~_ 


~_ 


~_ 


~_ 


26^ - li 


ftl + b2 _ 1^ 





10 


5 


-2 


2 





- 


- 


- 


- 


2Ui -V1-V2 


C/i + !72 - - V2 





4 


4 


4 


4 













ip=V2-Vl 


<fi =V2-Vl 


2 


4 


4 


4 


4 













X 


X 


-2 


4 


4 


4 


4 













261 - 26^ + 2|i 


fci + 62 _ 263 + 2|i 








3 


18 


6 


1 






A^ 






A3 








2 





2 







Ui - U2 


Ui - Ih 






r/i - f/2 





-2 


(2,1) 


-2 


2 







bi - 62 


hi - 62 






61 - 62 





-2 


(2,1) 


4 


4 


1 






A3 














2 





2 









U1-U3 











-2 


(2,1) 


-2 


2 









61 — 63 











-2 


(2,1) 


4 


4 











V 






8 
3 


20 
9 


5 
3 


20 

9 


5 
3 











J'l^-^io + ili 






2 
3 


14 
!) 


2 
3 


22 

9 


11 
3 











X 






4 
3 


20 
9 


5 
3 


20 
9 


5 
3 

















2 
3 


14 
9 


2 
3 


22 
9 


11 
3 



Table 7: The bosonic LI spectrum on the N — 2 and skew-whiffed points across all models. A hyphen indicates an absent state. 
Horizontal lines separate the different OSp{A\2) multiplets at the susy point. Prom top to bottom, these are: gravity multiplet, 
two long vector multiplets, two massless vector multiplets and two chiral multiplets. 



spin 


o7 Sp(2) 
■ Sp{l) 
mass eigenstate 


N{1,1) 
mass eigenstate 


susy 


A 


skew 
m2L2 


A 


2 









3 





3 


± 


i32 




1 





1 
Iz 





1 


A2 




6 


4 


6 


4 





4!7i + V1+V2 + V3 


2C/1 + 2U2 +V1+V2+V3 


18 


6 


18 


6 





2b^ - 56^ + 2|'i 


+b'^ - bb^ + 2ix 


10 


5 


-2 


2 





V1 + V2- 2V3 


V1+V2- 2V3 


52 
9 


13 

3 


52 
9 


13 

3 





2b^ - 6 


b^+b'^ - li 


10 
"9" 


10 
"3" 


190 


19 
"3" 





>p=V2-Vl 


if = V2-Vl 


52 
9 


13 
3 


52 
9 


13 
3 





«° 




10 
9 


10 
3 


190 
9 


19 
3 





X 


X 


52 
9 


13 
3 


52 
9 


13 
3 







io 


10 
9 


10 
3 


190 
9 


19 
3 





26i + 306^ + 2^1 


foi + 6^ + 30fe3 + 2ii 


8 
9 


8 
3 


10 
9 


10 

3 





6C/1 - 2Vi - 2V2 - 2V3 


3Ui + 3U2 - 2Vi - 2V2 - 2V3 


20 
9 


5 
3 


20 
9 


5 
3 


1 


A° 


A° 





2 





2 


1 




A3 





2 





2 







bi - 62 


70 
9 


14 
3 


20 

9 


5 
3 







U1-U2 


22 
9 


11 
3 


22 
9 


11 
3 



Table 8: The bosonic LI spectrum on the squashed (A^" = 1) and skew- whiffed points in 
the S"^ = Sp{2)/Sp{l) and N{1, 1) models. 



spin 


^^(2, 1)7 




susy 




skew 




mass eigenstate 




A 




A 


2 







3 





3 


1 


B2 


12 


5 


12 


5 


1 




6 


4 


6 


4 





2(7i + 2U2 + 2U3 + V 


18 


6 


18 


6 





fol + b2 + fe3 _ 


10 


5 


-2 


2 





x'ib'+io 




Ai + 1 




Ai - 2 





x^Ui + V 




Ai 




Ai 





y'Ui + V 




A2 + I 




A2 + I 









A2 




A2 + 3 





2-6'+ So 




(A3 + 1,2 -A3) 




(5- A3, A3 -2) 





z*Ui + V 




(3- A3, A3) 




(3- A3, A3) 


1 


Ai 





2 





2 


1 







2 





2 



Table 9: The bosonic LI spectrum on the N = 1 and skew-whiflFed critical point I of the N{2, 1) model. 
We have defined {Ai,A2,A3) = (3.88744,3.14403,1.25659), {xi,X2,X3) = (3.17844,1.62696,-5.8054), (j/i, 1/2,2/3) = 
(-0.176003, -0.837448,0.013451), (21,22,23) = (-3.43257,3.09891, -0.666343) and, for i = 1,2,3, {x'.,y'^, z'.) = {x^ + l,y' + 
1, + 1). Scalar masses not explicitly indicated are related to their corresponding A, to their right, via rn^L^ = A(A — 3). 
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spin 


N{2, l)ii 
mass eigenstate 




3usy 

A 




skew 
m2L2 A 




2 




Q 


3 







3 




1 
1 


B2 


12 

Q 


5 
4 




12 
6 


5 
4 




Q 



2r/i -I- 2rh -4- uir, -V- V 

+ fe2 + ftS _,_ 


18 
10 


g 
5 




18 

-2 


6 
2 








x'ib^ - io 

x*Ui + V 


m2L2 
m2L2 


Ai + 
Ai 


1 


w?L^ 


Ai - 
Ai 


2 






y'Ui + V 

y',b' - io 


m2L2 


A2 + 

Aa 


1 


m2L2 

m2L2 


A2 + 

A2 + 


1 

3 






z'ib' - So 
z'Ui + V 


m2L2 
m2L2 


A3 + 
A3 


1 


m2L2 
m2L2 


A3 + 
A3 


2 
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Table 10: The bosonic LI spectrum on the N = 1 and skcw-whifFcd critical point II of the N{2, 1) model. 
We have defined (Ai,A2,A3) = (3.67378,3.32855,1.65477), (xi, 0:2, xs) = (23.5626,-26.065,1.50232), {yi,y2,y3) = 
(-0.0118381,0.00857999, -0.996742), (zi, 22,^:3) = (-1.68486, -1.33023,2.0151) and, fori = 1,2,3, (a;^,J/-,2-) = (a;' + l,y' + 
1, z' + 1). Scalar masses not explicitly indicated are related to their corresponding A, to their right, via m?L'^ = A(A — 3). 
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Table 11: The bosonic LI spectrum on the N = \ and skevjf-whiflFed critical point of the Ar(l,— 1) model. 
We have defined (Ai,A2,A3) = (3.72876,3.28909,1.56033), {x^,X2,xz) = (-9.69772,1.52283,7.17488), (2/1,3/2,2/3) = 
(0.0177555, -0.968581, -0.0491748), (21,22,23) = (-1.02824,2.15395, -2.12571) and, for i = 1,2,3, {xr,y'-,z'-) = {x^ + l,y^ + 
1, 2* + 1). Scalar masses not explicitly indicated are related to their corresponding A, to their right, via rn?L^ = A(A — 3). 
For the susy point, these masses are = fj,, with the roots of the cubics fj,"^ — 24/i2 -56/^ + 2160 and —Z2fj? — 40/i + 560. 
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